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1. Introduction

The Greek mathematician Menelaus lived two generations before Ptolemy; his Sphaerica
was the first monograph on “intrinsic” geometry on the surface of a sphere. The treatise,
organized in three books, is lost in Greek but has survived in Arabic, as well as in
Hebrew and Latin translations therefrom. The author of the Latin version was the cele-
brated translator Gerard of Cremona.' The Arabic tradition is quite complex:* during the
8™ and 9™ centuries, two or even three independent translations were completed, one of
which probably through a Syriac intermediary; they were subsequently revised by a
number of scholars. These revisions soon started to interact, to an extent that it is often
impossible to assess, both with one another and with a tradition stemming from Thabit
ibn Qurra’s treatise on the so—called “Sector Theorem”, a crucial result also attested in
the Arabic Sphaerica. In Arabic, we only have access to manuscripts of some such revi-
sions; a critical edition of Abli Nasr’s revision of Ishaq ibn Hunayn’s translation was
published by M. Krause in 1936;’ no printed edition, either critical or otherwise, is avail-
able of the others,* with the only exception being Nasir al-Din al-Tis’s. Gerard of Cre-
mona’s translation from Arabic has not been critically edited, either, but the material
relevant to this article has been published, as we shall see in due course. A Latin trans-
lation based on a Hebrew version and, to a lesser extent, on a series of Arabic sources
was provided by Edmund Halley and published posthumously in 1758; the Hebrew text
belongs in the same branch of the tradition as Gerard’s; both are thought to be quite
faithful to one of the original Arabic translations.

! For a first orientation of Gerard’s life and work see Lemay 1974. See also, more recently, Burnett 2001 and
the references therein.

? The basic data are conveniently summarized in Sidoli 2006, 48—51, relying on Krause 1936, and, as for the
“Sector Theorem”, on the very clear exposition in Lorch 2001, 327-35. I shall use interchangeably the terms
“revision” and “recension”.

* The numbering of the propositions of the Sphaerica used in this article is that of Abii Nasr’ recension
according to Krause’s edition. A concordance table of the proposition numbers in the different recensions is
set out in Krause 1936, 6-9.

* Al-Mahani’s recension can only be recovered by means of the Hebrew and Latin translations, with the
complication of a further intermediary revision that amalgamated it, to an extent that it is impossible to deter-
mine, with Ishaq ibn Hunayn’s translation. On al-Harawi’s recension, extant in four manuscripts and in its
turn also depending on al-Mahant’s, see Krause 1936, 1-2 and 32-42, and, most recently, Sidoli, Kusuba
2014. Al-TasT’s revision was based on al-Haraw’s and Abt Nasr’s.
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As we shall see in the next section, it happens that two Greek authors preserve
fragments from Menelaus’ Sphaerica; in particular, we can read the entire text of six
propositions. These authors are the 4™ century mathematicians Pappus and Theon, who
operated in Alexandria and who also wrote extensive commentaries on Ptolemy’s A/ma-
gest. The aim of the present article is simply to add three items to the list of traces of
Menelaus’ Sphaerica in Greek sources: these are two definitions and a proof sketch of a
particular case of the Sector Theorem. These items are preserved in three scholia to
Ptolemy’s Almagest: the two definitions are contained in a single scholium; the proof
sketch is distributed between two further scholia. It must be stressed that only the first
scholium explicitly refers to Menelaus’ Sphaerica.

The new evidence bears on parts of the Sphaerica that underwent major changes and
revisions in the course of the transmission: therefore it is in principle a non—trivial task to
compare the Greek text with the Medieval tradition. Still, the case of the two definitions
will prove relatively easy to assess. As for the Sector Theorem, it must be borne in mind
that our Greek sources do not even justify the hypothesis that it was included in the
“original” Sphaerica: both Ptolemy and Theon provide, as we shall see, very detailed and
almost complete proofs of the same result but do not mention Menelaus in this connec-
tion—still, Ptolemy (who lived just about fifty years later) reports two astronomical ob-
servations of his and calls him “the geometer”;’ Theon quotes two entire propositions
from the Sphaerica.

A few words must also be said about the origins of the collection of scholia in which
those edited in the present article are included. Heiberg knew of 36 manuscripts con-
taining the Almagest (henceforth A/m.) in its entirety; he organized them into three fami-
lies, whose best (and oldest) representatives are

*  Par. gr. 2389 (in majuscule, beginning 9™ century, 4/m.);

o Vat. gr. 1594 (2™ half of the 9" century, Prolegomena to the Almagest, incomplete,
Ptolemy, Alm., Phaseis, De judicandi facultate et animi principatu, De hypothesibus
planetarum T); Marc. gr. 313 (end 9" beginning 10" century, Prolegomena, Alm.);

e Vat. gr. 180 (10" century, A/m.) and Vat. gr. 184 (2" half of the 13" century, varia
arithmetica et astronomica, Prolegomena, scholia ad Alm., Alm.).

The first two families, of which Par. gr. 2389 on one side and Vat. gr. 1594 and Marc. gr.
313 on the other are also the prototypes, are linked by a series of conjunctive variants and
thus give rise to a super—family. Heiberg notes that the tradition represented by the third

5 The epithet is employed at 4lm. VIL3, POO 1.2, 30.18. The two observations are also cited in Alm. VIL3
(occultation of Spica by the Moon and alignment of notable points on the lunar disc with some fixed stars in
Scorpius: ibid., 30.18-31.2 and 33.3-10); they are dated to 98 CE, January 10/11 and 13/14, respectively, and
were made in Rome. A papyrus containing a fragment of a planetary theory quite likely comes from a treatise
of Menelaus; it contains an observation dated to 104 December 31/105 January 1, maybe also made in Rome
(POxy. 4133, cf. Jones 1999 I, 69-80; II, 2-5).
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family, although less correct and often interpolated, allows very old textual layers to be
reached.’ Overall, the structure of the stemma proposed by Heiberg makes it possible to
go very far back in the tradition of A/m.

As for the scholia, the situation can be summarized as follows.’

a) Par. gr. 2389 is a de luxe exemplar and has no scholia vetera.

b) A large number of scholia transcribed by the main copyists can be found in Vat. gr.
1594 and Marc. gr. 313. The sets of scholia contained in these two codices are almost
identical but they do not coincide, nor is the one a subset of the other. As a conse-
quence, the two manuscripts are independent witnesses of a single collection assem-
bled in Late Antiquity—almost surely within the 6™ —century Alexandrine Neoplato-
nic school led by Ammonius—in the same way as they are independent witnesses of
Alm. itself. An obvious lower bound to the date of composition of this collection can
be set, since they plunder Theon’s commentary in A/m., redacted about 360 CE.

c) Vat. gr. 184 is an apograph of Vat. gr. 1594 as for the Prolegomena. The earliest
scholia in the margins of A/m. were transcribed by the main copyists themselves.
Their text shows strict affinities with the readings of Marc. gr. 313, and I take it as
certain that a model of Vat. gr. 184 is an apograph of the Venice codex as far as the
marginal scholia are concerned.® A further, select collection of scholia was tran-
scribed in Vat. gr. 184, before A/m. itself, at ff. 25r—80v. This collection was surely
drawn from Vat. gr. 1594 since it also includes many annotations in a very active
hand of the 12" century that were added to that codex. Hence, we sometimes find that
the same annotation is found twice in Vat. gr. 184, both in the margins of A/m. and in
the liminar collection, copied from different sources.

d) Vat. gr. 180 contains infrequent scholia in the hand of the main copyists, and a very
rich and multi-layered apparatus of later annotations. Most of these were copied from
Vat. gr. 1594.

As for the scholia edited in the present paper, the first is only contained in Vat. gr. 1594
and Marc. gr. 313, the second and the third are also present in the liminar collection of
Vat. gr. 184.

6 In this order, partial stemmata are given at POO II, LiiI, LXXVI, CXXXVIL. See also the remarks in Toomer
1984, 3-5.

7 This summary mentions results first presented in my forthcoming edition of the scholia vetera to the Alma-
gest: Acerbi 2017.

® On the fact that the copyists of Vat. gr. 184 surely had access to Vat. gr. 1594, see Heiberg at POO 11,
XXXI-XXXII and CXVII-CXXI. As for Marc. gr. 313, Heiberg already surmised that the model of Vat. gr. 184
was collated with it (POO II, cxx1). Only a model of Vat. gr. 184 can be involved since Marc. gr. 313 was in
the West since the middle 12 century.
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2. Known Traces of Menelaus’ Sphaerica in Greek Sources

The list of known traces of Menelaus’ Sphaerica in Greek sources includes the following
items.

* Quotation of the entire prop. L.5, including a general enunciation, in Pappus, Coll.
V1.2, 474.15-476.17 Hultsch: if three arcs of a great circle intersect, the sum of any
two of the arcs cut off by the intersections’ is greater than the remaining one. The
result is also valid in plane geometry and its counterpart is proved in El. 1.20. The
proof of the spherical case in Pappus’ text is an immediate application of E/. X1.20; it
differs considerably from those attested in Gerard’s translation and Abii Nasr’s
revision, that are identical'® to one another and use a result that we read as Theodo-
sius, Sph. 111.1.

* Quotation of the entire prop. 1.6, including a general enunciation, in Pappus, Coll.
V1.3, 476.18-31 Hultsch: the sum of any two arcs issued from the extremes of the
base of a spherical triangle [called “trilateral”] and intersecting within it is less than
the sum of the other two sides of the trilateral. The result is also valid in plane geome-
try and its counterpart is proved in El. 1.21; mutatis mutandis, the two proofs use the
same idea, namely, repeated application of the preceding proposition (Sph. 1.5 and El.
1.20, respectively). The Arabo—Latin sources have the same proof as Pappus.

* Quotation of the entire prop. .13, including a general enunciation, in Theon, in Alm.
VI.11, p. 342 of the Basel edition: two trilaterals are equal if they have two sides and
any of the angles not contained by them respectively equal, provided that the remain-
ing angles not contained by the selected sides do not sum to two right angles.'’ This
and the subsequent proposition are explicitly assigned to Menelaus’ Sphaerica by
Theon. The result is also valid in plane geometry; it has no counterpart in the Ele-
ments, even if Menelaus’ proof would also apply to triangles.'” The idea of the proof
is the same in Theon and in some representatives of the Arabo—Latin tradition, but the
formulation of the steps of the deduction may vary considerably. The other represen-
tatives of the Arabo—Latin tradition, among them Gerard’s translation, have a differ-

? As we shall see, it is always assumed that the arcs of a great circle that are the sides of a spherical triangle
are less than a semicircle.

1% In comparing Gerard’s Latin translation and the Arabic text of Abii Nasr’s revision of the same proposition,
“identical” usually means that the deductive steps of the former are a subset of those of the latter, the addi-
tional steps being intended to make an argument that was perceived as too concise clearer (a “revision” quite
frequently amounts to adding such steps). In the case of 1.5, Abli Nasr also adds an alternative proof by re-
ductio. For Gerard’s translation, I always have directly checked the readings on the manuscript Par. lat. 9335.
'! The Basel edition can be found online at http:/dx.doi.org/10.3931/e—rara—13800. Rome’s edition i4 only
contains Pappus in A/m. V-VI and Theon in Alm. I-1V.

121t corresponds to the “missing case” of equality of triangles: two triangles are equal if they have two sides
and any of the angles not contained by them respectively equal, provided that the remaining angles not con-
tained by the selected sides do not sum to two right angles. Proclus, in Eucl., 350.14-351.1, expounds a coun-
terexample to the unrestricted validity of the theorem, ascribing it to Porphyry.
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ent proof.”” A part of the text of this and of the subsequent proposition is printed in
Bjornbo 1902, 22—6, in order to compare it with Gerard’s translation; since the Basel
edition contains a Byzantine recension of Theon’s treatise, I provide in the Appendix
a complete critical edition from the main manuscript witnesses of Theon, in Alm. VI.

* Quotation of the entire prop. .14, including a general enunciation, in Theon, in Alm.
VI.11, pp. 342-3 of the Basel edition: two trilaterals are equal if they have one side
and the two angles adjacent to it respectively equal. Theon also applies this result ear-
lier in his commentary, again ascribing it to Menelaus: ¢ MevéLaog €v GOALPIKOIG
“as Menelaus in the Spherics” (in Alm. 1.16, iA, 599.8-9). The result is also valid in
plane geometry and its counterpart is proved as the first part of El. 1.26; since Mene-
laus did not resort to indirect arguments in his treatise, the two proofs are necessarily
different. The idea of the proof is the same in Theon and in the Arabo—Latin tradition,
but the formulation of the steps of the deduction may vary considerably."*

* Quotation of a part of prop. 1.34, not preceded by a general enunciation, in Pappus,
Coll. V1.4, 478.1-21 Hultsch: if three arcs of a great circle less than a quadrant and
issuing from the same point fall on a great circle, and if they cut off equal arcs on this
great circle, the sum of the external arcs among the three falling on the great circle is
greater than twice the inner arc. The result is also valid in plane geometry; it has no
counterpart in the Elements. The (quite simple) idea of the proof is the same in Pap-
pus and in the several representatives of the Arabo—Latin tradition, but the formula-
tion of the steps of the deduction varies considerably. Sph. 1.5 (= Coll. V1.2) is
applied and its general enunciation is explicitly quoted.

* Quotation of a part of prop. 1.37, not preceded by a general enunciation, in Pappus,
Coll. V1.5, 478.22—480.6 Hultsch. The result (a generalization of the previous one to
four arcs of a great circle issuing from the same point) is also valid in plane geometry;
it has no counterpart in the Elements. The (quite simple) idea of the proof is the same
in Pappus and in the several representatives of the Arabo—Latin tradition, but the
formulation of the steps of the deduction varies considerably. Moreover, Sph. 1.37
proves two results with the same proof, whereas Pappus states and proves only one of
them, thereby destructuring the proof. Sph. 1.6 (= Coll. V1.3) is applied and its
enunciation is quoted in instantiated form; Sph. 1.34 (= Coll. V1.4) is tacitly applied.

* Application, without quotation, of prop. 1.4 (first part) in Pappus, in Alm. V1.9, iA,
275.16; the proposition is explicitly assigned to Menelaus’ Sphaerica: ®g oty
Mevéhaog cpaipikoig “as Menelaus in the Spherics has it”. The result (two trilaterals
are equal if their sides are respectively equal) is also valid in plane geometry and its
counterpart is proved in E/. 1.8; since Menelaus did not resort to indirect arguments in
his treatise, the two proofs are necessarily different.

13 See Krause 1936, 132-3 and n. 4; Bjornbo 1902, 22-3.
1 See Krause 1936, 133-5 and n. 2; Bjornbo 1902, 23-5.



96 Fabio Acerbi SCIAMVS 16

* Application, without quotation, of prop. 1.4 (first part) in Theon, in Alm. 11.7, iA,
680.16; the proposition is explicitly assigned to Menelaus’ Sphaerica: dg Mevéhaog
&v 101¢ opaipkoic “as Menelaus in the Spherics”. The result is also valid in plane
geometry and its counterpart is proved in £7. 1.8.

¢ Application, without quotation, of prop. 1.9" in Pappus, in Alm. VI.9, i, 276.1-2; the
proposition is explicitly assigned to Menelaus’ Sphaerica: ®g MevéLoog oQUIPIKOIg
“as Menelaus in the Spherics”. The result (the greater side of a trilateral subtends the
greater angle) is also valid in plane geometry and its counterpart is proved in E/. 1.18;
the two proofs are necessarily different, for that of the Elements employs 1.16, a result
which is not valid in spherical geometry.

* Application, without quotation, of prop. I.17 in Theon, in Alm. IV.2, iA, 973.3; the
proposition is explicitly assigned to Menelaus’ Sphaerica: ®g Mevéhaog &v
opaipkoig “as Menelaus in the Spherics”. The result (two trilaterals are equal if they
have one side and two angles, one of which not adjacent to the side, respectively
equal) is also valid in plane geometry and its counterpart is proved as the second part
of El. 1.26; since Menelaus did not resort to indirect arguments in his treatise, the two
proofs are necessarily different.

To sum up: Sph. 1.5 (Pappus), 6 (P), 13 (Theon), 14 (T), 34 (P), 37 (P) are quoted in
full or in part, Sph. 1.4 (PT), 9 (P), 17 (T) are only applied.

Pappus’ and Theon’s purposes for quoting in full the above—mentioned propositions
are quite different. After an initial section devised to boast about the virtues of his own
teaching of the “small astronomical corpus”,'® Pappus begins ex abrupto his exposition
by stating and proving, in Coll. VI.2-5, the four theorems listed above; only with Coll.
VI.6—7 we learn that these results are preliminary to provide an alternative proof and a
completion of Theodosius, Sph. I11.5. As a matter of fact, only the results proved in Coll.
VI1.4-5 are applied in Coll. VI.6-7, respectively; as we have seen, Coll. VI.2-3 simply
provide the key steps to the proofs of Coll. V1.4-5, respectively. One remarkable feature
of Pappus’ exposition is that he expressly asserts at the end of Coll. V1.2 that the word
employed by Menelaus to denote a spherical triangle was tpimievpov “trilateral
<figure>"; only this sentence in Pappus’ exposition refers to Menelaus’ Sphaerica."

Theon’s intent is different: the two theorems he quotes will allow an accurate calcu-
lation of the mpoovevoelg “directions” or “inclinations”, namely, the point on the horizon
towards which the straight line joining the centres of the Sun and the Moon at eclipses

13 But the formulation is bewildering, since it also specifies that the angles are the one obtuse and the other
acute. Maybe for this reason, Rome (i4, 275 n. 2) asserts that he does not find the proposition to which the
clause is alluding.

' The “small astronomical corpus” is better known as the “little astronomy”. Theodosius’ Sphaerica was
included in it, Menelaus’ was not.

7 At 476.16-17 Hultsch: ko)l 82 10 ToodT0 o)fjue Mevéhaog &v tolc opapikoic Tpimievpov “In the
Spherics, Menelaus calls such a figure “trilateral””. The word is attested with this meaning in Ptolemy, Alm.
1.3, I1.10, I1.11, I1.12 (bis) (at POO 1.1, 96.24, 148.3, 155.3, 161.19, 163.19).
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points. We shall not enter into details on this (see Rome 1948, Neugebauer 1975, 141-4).
One notable feature of Theon’s proof of Sph. 1.14 is that it initially introduces a partition
into three cases according to two angles being equal, greater, or less than two right an-
gles, but then only the first case is proved, the others corresponding to what we read as
Sph. 1.15. Moreover, Sph. 1.15 subsumes these two cases into the single case “angles not
equal to two right angles”. This might suggest that Theon is really quoting a segment of
text from the Sphaerica, without even editing it, and that the Arabic text is the result of a
revision.

The information provided above on the propositions quoted in full by Pappus or
Theon shows that in some cases it may prove difficult to retrieve Menelaus’ text, and that
the Greek sources do not necessarily preserve a text which is more likely to be near to the
“original”. On the one hand, both Pappus and Theon might have had reasons to change
the whole line of proof or merely some details of it (and Pappus almost surely did so with
Sph. 1.37). On the other hand, the Arabic sources present in some cases proofs that are
fairly different from one another.

The entire scientific production of Menelaus is lost in Greek. A few splinters related to
writings other than the Sphaerica are preserved in Greek and Arabic sources.'®

* Menelaus wrote a treatise on Geometrical elements in three books, now lost.
Fragments of it, and even its very title, can be only found in Arabic sources (Hogen-
dijk 2000), and amount to the following. Al-BirtinT mentions a problem solved in
prop. 2 of book III: to inscribe in a given semicircle an inflected straight line of given
length. Al-Sijz1 asserts that, at the beginning of his work, Menelaus proved, albeit
non completely, “the property of equality <that results> from drawing, in an equilat-
eral triangle, the perpendiculars as far as the perimeter”. The property alluded to is
that the sum of the distances from the sides of any point inside an equilateral triangle
is costant (and therefore equal to the heigth of the triangle); al-Sijzi’s text also
presents a generalization to the case in which the point is external to the triangle,
which might also be assigned with some plausibility to Menelaus.

* Commenting on El. 1.25, Proclus ascribes to Menelaus an alternative proof of it; this
proof is different from any of its counterparts in the Arabic tradition of the Sphaerica.
Actually, the “proof” of such a counterpart in Abii Nasr’s revision is just a short
sentence appended to the proof of the inverse—namely, Sph. 1.8—claiming that the
inverse can be proved by reductio.”” Maybe the proof transcribed by Proclus was
contained in the lost Geometrical elements, or maybe in a Book of the Triangles the
Fihrist also ascribes to Menelaus along with the Sphaerica (Fliigel 1872 1, 267).

'8 For general orientations on Menelaus and his legacy in the Arabic world see Bulmer-Thomas 1974; Sezgin
1974, 158-64, Fuentes Gonzalez 2005 (to be used with caution: it is a compilation of ill-digested previous
surveys; it contains a number of gross mistakes and does not even offer a complete bibliography).

1 proclus, in Eucl., 345.13-346.13. For the proof attested in the other Arabic revisions, see Krause, 27-8. See
also Bjornbo 1902, 45-6, for a discussion.
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In a passage of the Collectio dealing with special curves, Pappus, Coll. IV.58,
270.24—6 Hultsch, has this passing remark: xoi tiveg adT®v VIO TV VEOTEPOV
néwbnoav Adyov mheiovog, pio 8¢ T1g €€ avT®V €oTv M kal Topado&og VIO TOD
Meveldov kinfeica ypopuun “some of them were regarded by the moderns worthy of
a substantial treatment; one of them is the line also called “surprising” by Menelaus”.
Pappus refers to special curves that such otherwise totally unknown mathematicians
as Demetrius of Alexandria and Philo of Tyana derived from the so—called “loci on
surfaces”. Some of these curves retained the attention of the “moderns”, among them
Menelaus. We simply do not have any grounds to guess what line his “surprising”
curve could look like.”

In a passage of the Collectio dealing with the rising and setting times of the zodiacal
signs, Pappus, Coll. VI.110, 600.26—-602.2 Hultsch, asserts that nepi 6¢ dOcemg avTOV
000&v Aéyelr O yap AOYog Tiig dmodeifemg Eumintel €ig TOVG AVOTOAKOVG SLOPIGUOVG,
Kai Eottv §{0N mpaypoteio mepi TovTOL YEypoupnév) Mevehdm t6 AleEavdpel, mepi g
votepov Emokeyopuebo “about their setting he [scil. Hipparchus] does not say any-
thing: for the argument of the proof falls in the rising determinations, and there is
even an exposition about this, written by Menelaus of Alexandria, about which we
shall inquire later”. Pappus did not keep his promise. No modern study exists as to
what the “rising determinations” (already mentioned at Coll. VI.108, 600.6—7
Hultsch) might be that apparently set limitations on the general validity of Hippar-

T3

chus’ “proof” alluded to by Pappus.

At the beginning of his exposition on Ptolemy’s table of chords, Theon, in Alm. 1.10,
id, 451.4-5, asserts: d&dewcton pdv ovv kai Inmépym mpaypateig @V v KOKA®
evbg1dv év 1B Pipriotg, £t te kol Mevehdw év ¢ “it is also proved by Hipparchus in
his exposition on the chords® in twelve books, as well as by Menelaus, in six
<books>". To such an exposition might refer the citation at the end of the non—spuri-
ous part of Sph. I11.14. A likely structure of Hipparchus’ chord table is discussed by
Toomer, who also suggested (1973, 19-20) that the numbers “twelve” and “six” in
the quoted sentence refer in fact to the number of sections of the complete table, not
to the number of books of the treatises. Against the possibility that expositions of
Hipparchus (and Menelaus) contained a chord table, see Rome 1933a.

P.Fouad inv. 267, verso line 5, probably mentions Menelaus, likely as the author of a
table of ascensions.”> The text is too fragmentary to allow giving consideration to any
hypothesis.

2 But see Tannery 1883—4, 16—18 of the reprint, for a guess. In this connection, one must also record the fact
that, in the Verba filiorum, the Banli Musa report a solution of the problem of doubling the cube that they
ascribe to Menelaus: “Et hec quidem operatio quam narramus est viri ex antiquis qui dicitur Mileus, cui est
liber in geometria”; in fact, the method coincides with Archytas’ (Clagett 1964, 33640, quote from Gerard’s
Latin translation at 336).

2! Here as elsewhere, the noun chords translates £00¢io &v KOKA®, litt. “straight line in a circle”.

22 See Fournet, Tihon 2014, 245 (text) and 49-51 (discussion); see also the discussion in Jones 2016.
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* A further treatise of Menelaus, in one Latin manuscript entitled Liber de quantitate et
distinctione corporum mixtorum, is mentioned by the Fihrist; it is also transmitted
only in Arabic translation and Latin version therefrom (German version in Wiir-
schmidt 1925). The dedicatee of the treatise is the Roman emperor Domitian (ruled
81-96 CE).

Finally, one must not forget that the initial segment of book I of the Sphaerica can quite
obviously be read as a rewriting of the corresponding theorems of the Elements: the
choice of using only direct proofs entails major changes in the deductive order.” This
attests to Menelaus’ foundational interests.

3. New Traces of Menelaus’ Sphaerica in Greek Scholia
to the Almagest

3.1 Definitions

In chapter I1.10 of A/m., Ptolemy sets out to calculate the angles between the ecliptic and
some important great circles: the meridian, the horizon, the altitude circles. He starts his
exposition by providing a definition of an angle between two great circles: “We must first
make clear that we define an angle between <two> great circles as follows: we say that
<two> great circles form a right angle when a circle having as pole the intersection of the
great circles and as radius any distance whatever has <exactly> a quadrant intercepted
between the segments of the great circles forming the angle; in general, whatever ratio the
intercepted arc of a circle described in the above manner bears to the whole circle is the
same as the ratio of the angle between the planes <of the two great circles> to 4 right
angles. Thus, since we set the circumference of the circle as 360°, the angle subtending
the intercepted arc will contain the same number of degrees as the arc, in the system
where one right angle contains 90°”.**

Thus, Ptolemy actually defines how to measure such an angle, namely, by measuring
the arc of a circle, having as pole the intersection of the great circles and as radius any
distance whatever, intercepted between the segments of the great circles forming the
angle, but his definition can be immediately restated so as to say that “the angle between
two great circles is the one subtending the arc of a circle, having as pole etc.”.

The first scholium edited in the present article provides a definition alternative to that
(implicitly) stated by Ptolemy, as well as a definition of a “trilateral figure”. The scholiast
asserts that both of them are drawn from Menelaus’ Sphaerica. The scholium is found in
Vat. gr. 1594, f. 42v marg. int., and Marc. gr. 313, f. 73v marg. ext. In the Vatican ma-

2 See also Bjornbo 1902, 3245, for a discussion.
X Cf. POO 1.1, 145.17.23-146.8. Unless otherwise stated, the translations of passages from the Almagest are
those of Toomer 1984 (here from page 105).



100 Fabio Acerbi SCIAMVS 16

nuscript, it is located in such a way that its end is just by the side of the title of A/m. 11.10;
in the Venice manuscript, the beginning of the scholium also has such a position with
respect to the main text. Since Ptolemy’s definition quoted above is the second sentence
of chapter I1.10, the scholium is in both manuscripts near to the intended relatum, and in
Marc. gr. 313 exactly by the side of it. The ascription to Menelaus’ Sphaerica is treated
as a title, and therefore it is in majuscule in both manuscripts.

Sch. 1

€k 1@V Mevehdov oQoipk@®v

tpimhevpov oyfjpe Aeyécbo tTO meplexdpevov v calpiki] Empoveiq VmO TPV
TEPIPEPEIDY BV EKAGTN pEYioTov KOKAOL EAdTTmV £6Ti fukvukAiov: yoviot 8¢ oot
LeyécBmoav ai VO TEPIPEPEIDV TEPLEYOUEVAL £V GQUIPIKT Empaveiy dtav Tcol oy ol
KMol Tdv KhKAov GV gioty ai Tepléyovcat Tag yoviog TepLpépetat.

2 opaupikfi] 6o™ codd. 4 cpopikii] cp™ codd.

Transl. From Menelaus’ Spherics

Let a trilateral figure be called the one contained by three arcs in a spherical surface,”
each of which is less than a semicircle of a great circle; let angles contained by arcs in a
spherical surface be called equal whenever the inclinations of the circles are equal to
which the arcs containing the angles belong.

The situation with the definitions in the Arabic tradition is quite complex and its essential
features are set out in the following table. Probably because of an accident of
transmission, Gerard’s Latin translation does not contain definitions.*

al-Mahant’ Abii Nasr al-HarawI & al-Tast>
Triangle on a spherical surface Trilateral figure Spherical figures. Triangle and quadrilateral
Angle of a spherical triangle Angle of a trilateral Angle of a spherical triangle
Equal angles Equal angles Right, acute, obtuse angles
Angle greater than another Angle less than another
Right angle Equal angles

Several points are worth a short discussion.

 Here and in the next line, the abbreviation in the scholium is also compatible with the reading év cpaipog
émeaveig “in a surface of a sphere”.

% See the table in Krause 1936, n. 7 on 119-20; details on the specific recensions are ibid., 27 (al-Mahani),
36-7 (al-HarawT and al-Tus1), 54-5 (al-Tts1).

%7 As said at the beginning, al-MahanT’s revision can only be recovered by means of the Hebrew and Latin
translations.

8 Al-TisT completes def. 4 with that of angle greater than another and has two further definitions of “arc of
inclination”.
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* The first definition virtually coincides with the one in Abu Nasr’s revision; it
includes the condition that the sides of the tpimievpov must be less than half of a
great circle. This condition will also be crucial in the proof of the Sector Theorem,;
Ptolemy repeatedly recalls it in the Almagest. The other Arabic sources either change
tpimhevpov to “triangle on the surface of a sphere” (both) or enlarge the definition to
one of a generic spherical figure, whose first two species are the triangle and the
quadrilateral (al-Harawn1).

*  One might wonder why the scholiast quotes the first definition, since Ptolemy has
already used the word tpimievpov in A/m. 11.3 and since what is at issue here is only
to back up Ptolemy’s implicit definition of “equal angles” with a definition taken
from standard literature. It is also true, on the other hand, that Ptolemy will repeatedly
use the term tpimAevpov in the textual segment A/m. 11.10-2.

* All Arabic sources have a definition of “angles of a trilateral” (or of a spherical
triangle) inserted between the two transcribed in the scholium: such angles are the
angles contained by the arcs forming the trilateral. Of course, the scholiast might well
have omitted this definition, but I would favour the possibility that he is really
transcribing a continuous stretch of text of the Sphaerica. One indication in this sense
is that the definition attested in the Arabic Sphaerica is a vacuous truism, unless a
definition of angle between two arcs on a surface of sphere is provided. This is done
in the next definition quoted in the scholium, that quite appropriately replaces an
“essential” definition (namely, the “what is” of an angle between arcs on a spherical
surface) with an operative definition, indicating when two such angles are equal.

* The second definition in the scholium virtually coincides with the ones attested in the
Arabic sources as the third definition of the Sphaerica: it defines equality of angles
between arcs on the surface of a sphere in terms of equality of the “inclination” of the
planar objects that “carry” the arcs (see next remark).

* The “inclination of the circles” in the Greek definition did not win the favour of the
Arabic revisors: they changed it to “inclination of the semicircles” (Abt Nasr and al—
Haraw1) or to “inclination of the planes” (al-Mahant). All these plane objects contain
the arcs that contain the equal angles.

* Only in Abii Nasr’s revision we read an addition, intended to clarify what the
“inclination” between two planes is.”” As the Greek scholium appears to confirm ex
silentio, this was taken for granted by Menelaus to be simply represented by the arc
cut off by the planes from circles, perpendicular to the common section of the planes,
with center on such a common section and any radius.*® If the planes are defined by

% This is the arc cut off by the semicircles that contain the arcs from the great circle passing through the poles
of these semicircles. This addition entailed completing “inclination of the semicircles” to “arcs of the inclina-
tion of the semicircles” in the previous sentence.

3 The addition in Abli Nasr’s version must be connected with the very convoluted proofs of Sph. 1.1 we read
both in Abl Nasr’s version and in Gerard’s translation (= al-Mahani). These proofs surely are the result of
radical, and to some extent independent, rewritings. Such rewritings involve constructions of solid geometry,
whereas to “cut and paste” an angle on the surface of a sphere it is enough to “cut and paste” two suitable
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arcs on the surface of a sphere, such circles most naturally specialize to circles on the
surface of the sphere whose center coincides with the intersection of the arcs and
whose “radius” is less than the chord subtending half a great circle of the sphere: this
much we may also infer from Ptolemy’s definition.

* Menelaus makes the angle a species of the genus kAioiwg “inclination” taken as a
primitive notion, exactly as the Elements do in the case of the definition of a plane
angle at El. Ldef.8.%" In book XI, however, the Greek text of the Elements (but not the
Arabo—Latin tradition) introduces three definitions (XI.def.5-7) related to what we
would call dihedral angles. The definitions are never used in the sequel and present
obvious problems, among them inverting the genus—species relation with the kAiotg,
this choice conflicting squarely with I.def.8 in the case of XI.def.5. All of this shows
that these definitions are spurious.” Let us read El. XL.def.6-7: émmédov mpdg
éninedov KAiolg €otiv 1| mepieyopnévn 0&gla yovia Vo TV TPOg OpBAG Tf KOWT| TouT|
ayouévov mpog T® avT@® onueim &v EKatép@ TV Emmédwv. Eninedov Tpog Eninedov
opoimg kexhicOor Aéyetan kai Etepov mpog Etepov dtav al gipnuévarl 1@V KAicemv
yoviaw ioor GAAMRAoig Gotv “the inclination of a plane to a plane is the acute angle
contained by the <straight lines> drawn, at the same point in each of the planes, at
right <angles> with their common section; a plane to a plane is said to be similarly
inclined as another to another whenever the said angles of the inclinations are equal
to one another”.

* The definition we read as Theodosius, Sph. 1.def.6 can safely be considered spurious
as well; it quite obviously results from a montage, with some slight adaptation, of the
two Euclidean definitions: émimedov mpodg émimedov Opoimg kekiicOor Aéyetor kai
£tepov mpog Etepov dtav al Tf] Kowij Topuf] TOV Emmédwv Tpog Opag dyouevorl evbeion
&V EKaTEP® TAV EMIESWMV TPOG TOIC aTOlg onpeiolg ioag yoviag mepiéywoty “a plane
to a plane is said to be similarly inclined as another to another whenever the straight
lines drawn, at the same points in each of the planes, at right <angles> with the

. . 33
common section of the planes contain equal angles”.

As for the issue of authenticity, the previous discussion seems to me to corroborate the
hypothesis that the definitions in the scholium are original with Menelaus’ treatise, the
several versions we read in the Arabic tradition being the result of a series of very
specific, sometimes slight, and maybe independent modifications. In particular, one
might seriously entertain the hypothesis that the definition of “angles of a trilateral” is

arcs, and this can be done under the sole assumption that any circle can be traced on a sphere with given pole
and “radius” less than the chord subtending half a great circle of the sphere. On the issue see Gori 2002, 167—
9. On the “radius” involved in the previous construction, and on the construction itself, a tacit postulate in
Theodosius’ and Menelaus’ Sphaerica, see Sidoli 2004.

3! On the several genera ancient exegesis made angles a species of, see Acerbi 2010, 161-2.

32 See Vitrac 2001, 77-9, for a discussion. Definition 6 is not well-founded since one must prove that the
angle in the definiens is univocally defined by the construction identifying it. This is obvious if one uses
orthogonal circles instead of the construction of E/. XI.def.6.

3 Heiberg 1927, 2.13-16. A quotation of this definition is also added in the proof of Sph. 1121, ibid., 98.2-5.
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spurious, its presence in all Arabic versions suggesting that it was already interpolated in
a Greek source.

3.2 The “Parallel” Case of the Sector Theorem

The most celebrated result of Greek spherical trigonometry is the Sector Theorem, also
known as “Menelaus’ Theorem” because of its being attested in the Sphaerica (propo-
sition III.1 in Abi Nasr’s redaction). It is a powerful mathematical tool, devised to deter-
mine arcs of a great circle on the surface of a sphere. It is the keystone of some of the
most important technical results of A/m., where it is applied seventeen times.* It comes
as no surprise, then, that the Sector Theorem is also proved in 4/m. 1.13 and, with many
more cases on offer, in Theon, in Alm. 1.13, iA, 535.10-570.12.%

The Sector Theorem is proved by Ptolemy as the last of a series of seven propositions.

1) First rectilinear lemma, “by composition” (POO 1.1, 68.23-69.20); see Fig. 1. From
the end—points B, I' of two mutually intersecting straight lines AB, AT, two lines BE,
I'A are drawn across, meeting at Z and intersecting straight lines AI', AB at E, A,
respectively (this will henceforth be called “rectilinear supine configuration™). It is
required to show that 'A:AE = (I'A:AZ)°(ZB:BE) (“rectilinear relation” hence-
forth).*® The proof writes the “obvious” compounded ratio with a term common to the
two compunding ratios: 'A:HE = (I'A:AZ)°(AZ:HE), draws a suitable parallel HE to
one of the assigned straight lines and readily argues by similar triangles and
substitutions in compounded ratios.

2) Second rectilinear lemma, “by separation” (ibid., 69.21-70.16); see Fig. 2. In the
same configuration as lemma 1, one also has that 'E:EA = (I'Z:ZA)°(AB:BA). The
auxiliary parallel line HA is now drawn external to the assigned configuration.

3) First cyclic lemma (ibid., 70.17-71.13); see Fig. 3. In a circle ABT of centre A, mark
two consecutive arcs AB, BI', any of which is less than a semicircle, join AB and
AET intersecting at E, drop from A, I' perpendiculars AZ, I'H to radius AB. Then
ch(2AB):ch(2BT)::AE:EI', where ch(2AB) is the chord of twice arc AB. Since

3 This happens in Alm 1.14, 16, 11.2, 3 (ter), 7 (bis), 10, 11, 12 (bis), VIIL5 (ter), 6 (bis).

35 See Neugebauer 1975, 26-30, for a clear exposition of the mathematics involved, Bjornbo 1902, 88-92,
Rome 1933, 49-50, and Sidoli 2006 for discussions of the issue of authenticity. Note that, at in Alm. VIIL5,
Theon offers again a proof of a particular of the Theorem: see pp. 365-6 of the Basel edition.

3 The sign ° stands for “composition” of ratios (see Acerbi 2016 for a survey of all Greek and Byzantine
sources). The two compounding ratios, in fact, are not “multiplied”: what is multiplied, iuxta El. V1.def.5, are
the anAwkodtnTeg “<numerical> values” of the two ratios, namely, the fractions corresponding to them: “A
ratio is said to be compounded of ratios when the <numerical> values of the ratios multiplied by one another
make some <numerical value of a ratio>" (EOO 11, 72.13-15). My translation of EI. VI.def.5 includes a final
integration based on Theon in Alm. 1.13, in i4, 533.1-2, who is our sole independent source completing the
final Tva of EI. VI.def.5 with anhkdtnta Adyov. One must note that the sign “=" is also misleading: a ratio is
said to be “compounded” of two or more ratios, it is never said to be “equal to” or “the same as” something
like their “composition”.
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4)

5)

6)

7)

Fabio Acerbi SCIAMVS 16

ch(2AB) = 2AZ and ch(2BI') = 2I'H, the proportion is an immediate consequence of
the fact that triangles AZE and I'HE are similar.

Second cyclic lemma (ibid., 71.14-72.10); see Fig. 4. The theorem is formulated in
the “language of the givens”. Adopting the configuration of the first cyclic lemma,
from centre A draw a straight line AZ perpendicular to AET". It is required to show
that, once arc A" and ratio ch(2AB):ch(2BI') are given, each of arcs AB, BI is also
given. The proof applies a series of theorems from Euclid’s Data.

Third cyclic lemma (ibid., 72.11-73.10); see Fig. 5. In a circle ABI of centre A, mark
two consecutive arcs AB, BI', any of which is less than a semicircle, join AA and I'B
intersecting at E once produced, drop from B, I" perpendiculars BZ, I'H to radius AA,
possibly produced. Then ch(2I'A):ch(2AB)::I'E:BE. Now, since ch(2I'A) = 2I'H and
ch(2AB) = 2BZ, the proportion is an immediate consequence of the fact that triangles
BZE and I'HE are similar. Note that, when B and I" are so placed that BI is parallel to
radius AA, obviously ch(2I'A) = ch(2AB) and hence the ratio involved in the left—
hand side of the above proportion is that of equality, but no such proportion holds
since triangle I'HE cannot be constructed.

Fourth cyclic lemma (ibid., 73.11-74.8); see Fig. 6. It is formulated in the “language
of the givens”. In the configuration of the third cyclic lemma, from centre A join BA
and draw AZ perpendicular to EBI'. Then, if arc I'B and ratio ch(2I'A):ch(2AB) are
given, arc AB is also given. The proof applies a series of theorems from Euclid’s
Data. If B and I are so placed that BI" is parallel to radius AA, the theorem still holds
since in this case arc AB is given by the very straightforward argument we shall read
in sch. 2.

The Sector Theorem (ibid., 74.9-76.9); see Fig. 7. From the endpoints B, I' of two
mutually intersecting arcs AB, Al of great circles on the surface of a sphere, two arcs
BE, I'A are drawn across, meeting at Z and intersecting arcs A, AB at E, A,
respectively (this will henceforth be called “spherical supine configuration™); all these
arcs must be less than a semicircle. Then the following relations (any of them will
henceforth be called “Menelaus relation’) hold:

ch(2T'E):ch(2EA) = [ch(2T'Z):ch(2ZA)]°[ch(2AB):ch(2BA)] (“by separation”)
ch(2'A):ch(2AE) = [ch(2T'A):ch(2AZ)]°[ch(2ZB):ch(2BE)] (“by composition”).

The proof introduces a suitable rectilinear supine configuration, derives a specific
rectilinear relation associated with it and “lifts” it to the requited Menelaus relation
associated with the assigned spherical supine configuration. Let us see this at work for
the theorem “by separation” in the spherical supine configuration of Fig. 7. From the
centre H of the sphere, radii HB, HZ, HE are joined; HB is produced to meet AA
produced at ®; 'A, T'A are joined and they meet HZ, HE at K, A, respectively; one
shows that points ®, K, A are on one and the same straight line. Applying the preced-
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ing lemmas to the rectilinear supine configuration in which from the endpoints ©, I" of
two mutually intersecting straight lines A®, AT, two lines ®A, I'A are drawn across,
meeting at K and intersecting straight lines AI', A® at A, A, respectively, one readily
obtains the result, for the first or the second rectilinear lemma provide the rectilinear
relation appropriate to the case at hand, the first or the third cyclic lemma “lift” each
ratio of segments in the rectilinear relation to a ratio of chords in the spherical supine
configuration.

The second and the fourth cyclic lemma are not applied in the proof of the Sector
Theorem: they are intended to validate the calculations needed to determine the numerical
value’ of an arc involved in an assigned Menelaus relation once the values of four chords
and the sum or difference of the arcs subtended by the other two chords (provided they
feature in the same ratio) are given. Such a calculation is never performed in A/m. (Sidoli
2004a) but we find it three times in Pappus’ commentary thereon.*®

It is easy to see that several Menelaus relations, both “by separation” and “by
composition”, are associated with one and the same spherical supine configuration; each
of them requires a specific construction and proof, in the lines of that outlined above but
in some cases presenting subtle mathematical differencies as to the required construction.
This explains the length of Theon’s exposition, who treats in fact only a small number of
cases.”” A complete classification of the different theorems and cases was worked out by
Thabit ibn Qurra (Lorch 2001); most of the valid cases can be deduced from one another
by simple manipulations of compounded ratios, without any geometric argument.

Both the first and the third cyclic lemma are applied in the proofs of the theorem “by
separation” and in that of the theorem “by composition”;*’ Ptolemy proves in detail the
former theorem, leaving the latter to the reader.*’ There is, however, a case of the Sector

37 On the issue of “validation”, see Acerbi 2011, 141-6, Acerbi 2012, 199-211, and Acerbi, Vitrac 2014,
Etude complémentaire 1.

¥ At in Alm. V.13, in id, 84.3-85.22, in Alm. V.14, in i, 102.16-103.11, in Alm. VL5, in id, 186.1-187.5.
The fourth cyclic lemma is always at issue. Pappus identifies it by the expression did Tod 1y’ Oe@pripatog
TpGhTOL PPAiov Tiig cvvtdEeng “by the 13™ theorem of the first book of the Composition” (id, 84.3-4,
102.16, 186.1).

% One must keep separated the several relations already associated with one and the same rectilinear supine
configuration from the cases (among which the “parallel” case) arising in the process of “lifting” each
rectilinear relation to a Menelaus relation. Theon is quite effective in keeping these issues apart: a choice of
the combinatorics issuing from the former issue is presented at in Alm. 1.13, iA, 538.4-545.11, the latter issue
being partly tackled at in Alm. 1.13, iA, 557.27-566.13. Rome is quite clear on this in his notes: see i4, 535-7
n. 1,539-40n. 1, 560-1 n. 2, 564 n. 1.

“O1t is easy to see that, in every possible Menelaus relation associated with an assigned spherical supine
configuration, there is at least one ratio whose terms contain partly overlapping arcs [just one ratio—in our
example ch(2AB):ch(2BA)—in a relation “by separation” (actually, a ratio associated with an outer arc) and
all ratios in a relation “by composition”]. The third cyclic lemma has the function to “lift” each ratio of partly
overlapping segments in the rectilinear relation associated with the rectilinear supine configuration corre-
sponding to the assigned spherical supine configuration, to a ratio of partly overlapping chords in the Mene-
laus relation associated with the spherical supine configuration.

4! Contrary to what Ptolemy appears to imply (namely, that the theorem “by composition” requires a proof
independent from that of the theorem “by separation”), both Theon (at in Alm. 1.13, i4, 568.1-570.12) and
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Theorem that cannot be covered by his proof, as we have seen under item 5 above: the
“parallel” case. This case arises when, in the third cyclic lemma,* B is parallel to radius
AA. In this case, the constructions of the lemma cannot be completed. Nor can the proof
of the theorem “by separation” just outlined under item 7: in this case (see Fig. 7), AA is
parallel to HB and the rectilinear configuration does not “close” on point ®. The proof of
any theorem “by separation” presents the “parallel” case, but this can only happen with
respect to one of the outer arcs of the spherical supine configuration. Since any theorem
“by composition” can be deduced from a suitable theorem “by separation”, no additional
difficulties arise if the former theorem is to be proved or applied; for this reason, I shall
implicitly refer in what follows to theorems “by separation”.
Our Greek sources deal with the “parallel” case in the following ways.

* Ptolemy does not mention the “parallel” case, which in fact he never needs in the
seventeen applications of the Sector Theorem one finds in the A/magest: see Rome’s
remarks at i4, 554-6 n. 1, and Rome 1933, 45-50.

* Theon does mention the “parallel” case of the third cyclic lemma but only to assert
that it is non—constructible: dovototov Eotan 10 Bedpnua “the theorem will be non—
constructible”. ® He also points out that Ptolemy o0 mpooypijtar Toig obtag
dovototov Totovoalg 0 TpoPANua “does not use those <straight lines> that make the
problem in this way non—constructible” (in Alm. 1.13, i, 554.11 and 554.16; the

oscillating denomination “theorem roblem” has no relevance).
llating d tion “th ”/“problem” h 1

Still, by directly reasoning on the final configuration of the Sector Theorem (that is,
without applying the cyclic lemmas), the “paralle]” configuration, albeit as a limiting
case, can be shown to give rise to the same relations between ratios of chords as those
witten down under item 7 above: the peculiarity of the “parallel” case, as we shall see, is
that one of the compounding ratios in the associated Menelaus relation is that of identity.
Therefore, the Menelaus relation reduces in this case to a proportion.

Sph. 111.1 derive the theorem “by composition” from that “by separation”; they use the obvious fact that the
same chord subtends the arc double of a given arc and the arc double of its complement to a semicircle. In
Fig. 3 above, if we call K the other end—point of diameter BA, this amounts to the obvious equalities
ch(2AB) =2AZ = ch(2AK): cf. Theon in Alm. 1.13, i4, 567.1-10.

“2 As we shall see, the first mention of the “parallel” case will in fact occur in a scholium to the fourth cyclic
lemma.

“ 1t is not immediately clear what “non—constructible” means in this case. Maybe Theon really thought that
the “parallel” case was impossible. In the same paragraph, he lists in fact two other non—constructible cases:
when arc AT is greater than a semicircle, or equal to it (i4, 554.11-15). The plural toig [...] moobcaug in the
clause at i4, 554.16 refers to these three cases. But maybe Theon simply remarked that it does not give rise to
a compounded ratio, as we shall presently see. At any rate, Theon appears to perceive the “parallel” case as
unproven (see the discussion in Rome 1933, 45 n. 1, who translates dovctatov by “n’a pas lieu”).
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The contributions of the scholia amount to the following:

* Sch. 2 shows that the result of the fourth cyclic lemma is also valid when AA and BI'
are parallel; this fact is crucial in the proof of the “parallel” configuration of the
Sector Theorem.

* Sch. 3 characterizes the “parallel” configuration as a limiting case of the configura-
tion actually assumed by Ptolemy. The scholiast also outlines a correct proof of the
“parallel” case.

Let us read the scholia; a discussion focusing on technical and linguistic detail will follow
each of them.* A more general discussion will follow both. In particular, I shall show
that the outline of proof found in sch. 3 is very much in the lines of the sketchy but sound
proof of the “parallel” case found, with the variants to be discussed below, in the Arabo—
Latin tradition of Menelaus’ Sphaerica.

Sch. 2

TOAAGKIG €v Talg KOt cOvOeoty mTtdoecty mapdiAniog yivetor 1 BT tf] AA- 810 101€
avtobev didotar | BA mepipépeia, d1d 10 dobeiong tig v1o ZAB didocOar kai trv Agimov-
oav gig v piav 0pOMv, Tovtéstt v V70 BAA - 6idoton dpa kai 1) e BA kai 6An 1 'BA.

1AA]BA codd. 2BA]JTAC | ZAB]ZAB K

Transl. In the cases by composition, BI" often becomes parallel to AA; this is the reason
why in that case arc BA is immediately given, because, once <angle> ZAB is given, the
complement to one right <angle> is also given, that is, BAA; therefore both <arc> BA
and 'BA as a whole are also given.

Comm. a) B, f. 25r marg. sup., C, f. 51r marg. sup., K, f. 31v. ) To Aim. 1.13, 73.11-14
kol évtodfa 6& adtdbev moapakorovBel, diott, kv 1 I'B mepipépeia povn 6001 kai 0
AOY0g O Tig V@O TV dmAfv tiig ['A mpog v Vvmo v dmAfjv ti|ig AB 5061, kai 1 AB
nmeprpépeta. dodnoetar “here too, it immediately follows that, even if both the single arc
I'B is given and the ratio of the <straight line> under the double of <arc> I'A to that
under the double of BI' is given, arc AB will also be given” ff. ¢) A scholium to the

* The following sigla will be employed: B = Vat. gr. 1594; C = Marc. gr. 313; K = Vat. gr. 184. Since K is a
copy of B, its readings should in principle be eliminated; I keep them since they give interesting information
about the errors originating in the act of copying. The commentary provides the following information. a)
Exact location of the scholium in the manuscripts. b) Transcription and translation of the passage of A/m. to
which the scholium refers (called “the relatum™); the indication “POO 1.1” is understood. In case it is
possible to exactly identify the terms to which the scholium refers, or if the scholium is purposely (for in-
stance, by means of a marginal sign) located beside a line of the text in B, the terms or the line are underlined.
¢) Discussion of textual issues and of the mathematical context, with identification of likely sources or of
similar passages in other authors. d) Graphic and codicological features. ) Lexical and syntactical remarks.



108 Fabio Acerbi SCIAMVS 16

fourth cyclic lemma (see Fig. 6), showing that the result is also valid when AA and BI'
are parallel. That angle ZAB is given is stated by Ptolemy, 73.16—74.2; one then applies
Data 4, the fact that the arcs on a circumference and the angles at the centre subtending
them are in one—to—one correspondence (use Data 89, El. 111.20, Data 2), and Data 3. In
this case one also immediately gets that, since BZ = I'H in the configuration of the third
cyclic lemma (Fig. 5), the ratio ch(2I'A):ch(2AB) mentioned in the relatum is that of
equality, a fact that will prove crucial in the proof of the “parallel” configuration of the
Sector Theorem outlined in sch. 3. Why a similar scholium was not attached to Ptolemy’s
proof of the third cyclic lemma will remain a mystery. d) In B, the scholium is above the
column in which the fourth cyclic lemma ends. In C, it is in the upper margin of the page
containing the same lemma. In either case, no signe de renvoi is added. e) The scholiast’s
moALdkig “often” at line 1 is something of a cheat: as we have noted above, the “parallel”
configuration of the Sector Theorem is never required in A/m. The avtdbev “immedia-
tely” at line 1 is both imitative of the relatum, where the same adverb occurs, and a typi-
cal metadiscursive modifier, of which Ptolemy is specially fond; one finds 69 occurrences
in Alm., 5 in Pappus, in Alm. V=VI, 26 in Theon, in Aim. I-1V. The operator 1} Aeimovoa
eig “the complement to” at line 2 is in this scholium applied to an angle; otherwise the
expression 1 Agimovoa gig 0 Mukdkiov means “the <chord> complement to a semi-
circle”.

Sch. 3

Otav pev 1 ano tod H éni 10 A émlevyvopévn motfj toc 910 AAH AHB ywviog 600 0pbdv
g\Ndttovag, tote | AA ovumeceitan 11 HB xotd 10 ® @¢ vdv: dtav 8¢ 600 opbdv
peiCovag, tote 1 AA 1] BH émi Batépo pépel ocvpmeoeital, TpocovamiAnpobivioy tdv
BAA BZE fuwukhiov xoi tig BH dwapétpov, koai M 6gi&ic mpoPaiver Otav o8&
napdAinioc i M AA 1§ BH, t61¢ kai tfj KA mapdAiniog yiveton &€ avéyxmg, kol 6 tfig
I'A wpog AA Adyog cuvapOnoetot &k tod ti|g [K npog KA: 6 yap g vmod v dimhijv g
AB mpog v 070 v dumAfv Tiig BA 10t€ i066TNnTOG £0TL AOYO0G, TOVTEGTL TOD ADTOD TPOG
T0 a0TO" date kal obtwg 1 0&i€ig TpofroeTat.

1 970] 4md C | dpbdv] dop” BC : opbov K 3 peitovac] comp. B : yoviag comp. C : uic K | AAJAAK 3
Ootépo pépet] C : Batepo pev od BK | mposavominpwdéviov] (tpoc)ave— BC : npogdva— K 5A]HK 6
cuvaebncetat] avagd— codd. : dubitanter correxi | I'K] I' (kai) K | KA] scripsi : KI" codd. | o yap tiig]
scripsi : 8 yi/* BC : 8 yivetan K 8 oBtw¢] (ov)' B : 0d K

Transl. When the <straight line> joining H and A makes angles AAH, AHB less than two
right angles, then AA will meet HB at ®, as now; when <it makes angles AAH, AHB>
greater than two right angles, then AA will meet HB on the other side, once semicircles
BAA, BZE and diameter BH have been completed, and the proof can proceed. When AA
is parallel to BH, then it necessarily becomes parallel to KA too, and the ratio of I'A to
AA will be compounded of that of I'K to KA, for the <ratio> of the <straight line> under
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the double of <arc> AB to the <straight line> under the double of <arc> BA is in that case
the ratio of equality, that is, of the same to the same—as a consequence, also in this way
the proof will proceed.

Comm. a) B, f. 25r marg. ext., C, f. 51v marg. ext. et inf., K, f. 32r. ) To Alm. 1.13,
74.20-76.2 €iMebw yap 10 Ké€vipov Tiig apaipag [...] kol tod Tfic Vo v dumAfv tiig AB

TPOG TNV V7O TV dumAfv tiig BA “in fact, let the centre of the sphere be taken [...] and of
the <ratio> of the <straight line> under the double of <arc> AB to that under the double
of BA”. ¢) A scholium to the construction and proof of the theorem “by separation” of the

Sector Theorem (see Fig. 7), describing the “parallel” configuration as a limiting case of
the configuration actually assumed by Ptolemy. The straight line joining H and A does
not feature in Ptolemy’s construction; its function is simply to permit formulating a crite-
rion of intersection vs. parallelism of straight lines AA and HB. The scholiast also sum-
marizes in few but careful words the gist of the proof in that case (see just below for a
more expanded version). d) In B, sch. 3 is located in the outer margin, beside the con-
struction of the Sector Theorem; in C, its beginning is placed beside the last five lines of
the proof; the remaining portion of the scholium continues beside the proof sketch of the
theorem “by composition” (76.3-9). No signe de renvoi is added. ¢) Maybe the form éva-
@Onoeton the manuscripts have at line 5 need not to be corrected to cuvaeOncetat: the
point is that there is only one compounding ratio, namely, 'K:KA, that “makes up” ratio
'A:AA. e) At line 3, the form of mpocavaninpodv with double preverb is slightly more
canonical, in case of parts of circles, than the form of dvaminpodv: after the isolated,
seminal occurrences of the former at E/. I111.25 (what is completed is a circle) and of the
latter at £/. XII.2 (what is completed is a parallelogram), a mathematical Atticist such as
Pappus only resorts to the former when completing circles (11 occurrences in Coll.).

The argument of the scholiast can be formalized as follows (an asterisk * marks the state-
ments made by the scholiast).

(1) Take the rectilinear relation associated, by the first rectilinear lemma, with the
rectilinear supine configuration assumed by Ptolemy: TA:AA = (TK:KA)°(A®:@A).
(2)* Now, as seen in sch. 2 and as the scholiast points out, in the “parallel” case of the
third cyclic lemma the ratio between chords ch(2AB):ch(2BA) mentioned in the
relatum (underlined above), and that will be made to correspond to ratio A®:GA in the
rectilinear relation of point (1), is that of equality.

(3)* On the other hand, as the scholiast points out, when AA becomes parallel to BH and
hence to KA, by El. V1.2 the ratios A:AA and 'K:KA become identical.

(4) Now, we may use the third cyclic lemma applied to the following two ratios:
ch(2T'E):ch(QEA)::T A:AA and ch(2T'Z):ch(2ZA)::TK:KA.

(5) By El. V.11, one immediately has ch(2T'E):ch(2EA)::ch(2T'Z):ch(2ZA).
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(6) Since ch(2AB):ch(2BA) is the ratio of equality, this means that the Menelaus relation
ch(2TE):ch(2EA) = [ch(2T'Z):ch(2ZA)]°[ch(2AB):ch(2BA)] associated with the as-
signed spherical supine configuration also holds in the “parallel” case, in the limiting
non—compounded form chA(2I'E):ch(2EA)::ch(2T'Z):ch(2ZA).

Sch. 2 and 3 constitute the first direct evidence that a proof of the “parallel” configuration
of the Sector Theorem was elaborated in Greek. The outline of proof provided by the
scholiast is clear and omits no important step, since steps (1) and (4)—(6) above either
involve trivial manipulations or are obvious given the context. One has to fill in the de-
tails and write down a formal argument, as I have just done, or as is reflected in the actual
proof of this statement, attested as a case after that “by separation”, in the Arabo—Latin
tradition of the Sphaerica, to which I now turn.

The proofs of the Sector Theorem we read in Gerard’s translation and in the al—
Mahani & al-Haraw1 recensions have been carefully compared by N. Sidoli, who takes
them as “the versions of the theorem least removed from Menelaus” (2006, 51). For Abu
Nasr’s revision one may obviously refer to Krause (1936, 195—6 and 1Y—£). In these
versions, the proofs of the “parallel” case reads as follows (I adapt the lettering to an
obvious modification of Fig. 7).

* al-Mahani & al-Harawi. They state steps (2), (3), and (5), and only these. Step (2) is
modified: it is not asserted that ci#(2AB):ch(2BA) is the ratio of equality, but that
ch(2AB) = ch(2BA).

* Gerard. He first provides a sketchy outline of the construction of the configuration of
the “parallel” case. He then states the condition in step (3) by assuming that AA is
parallel to KA, and therefore must also prove that it is also parallel to BH.* He then
states: step (2) in the modified formulation just seen and identifying the two chords
ch(2AB) and ch(2BA) as the two perpendiculars dropped from points A and A,
respectively, to straight line BH; steps (3) and (4) combined in one; the conclusion of
step (6), backed up by a postposed explanation that we might take as a short form of
step (5).

*  Abui Nasr. He first provides a lengthy outline of the construction of the configuration
of the “parallel” case. At the beginning of the construction, he states steps (2) in the
modified formulation just seen and identifying the two chords ch(2AB) and ch(2BA)
as the two perpendiculars dropped from points A and A, respectively, to straight line
BH. He then embarks in a lengthy and pointless proof by reductio that KA is parallel
to AA.*® He then states steps (3), (5), and (6).

4 See Lorch 2001, 328, on this feature of Gerard’s version.
6 Abii Nasr simply forgets here that parallelism in space is transitive.
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This outline shows that the Arabo—Latin tradition elaborates on one and the same core
argument, adding steps whenever this was perceived to be too concise. If we take the al—
Mahani & al-Haraw1 version to be the least removed from Menelaus’ original argument,
then this virtually coincides with the sketchy outline we have read in sch. 3.

I close this article with an assessment, in the form of three scenarios in each of which I
shall argue in its favour, of the information on the Sector Theorem afforded by our
sources. In principle, any of the actors mentioned in the scenarios might have had his own
redaction of Menelaus’ Sphaerica, and in any of these the (parallel case of the) Theorem
might have been present or absent; this would solve all problems raised by our documen-
tary record—still, entia non sunt multiplicanda praeter necessitatem. My discussion will
not take up the issue of the origins of the Theorem (on this, see most recently Sidoli
2006), even if the first scenario makes the issue more urgent than the others.

1. Menelaus’ Sphaerica did not contain the Sector Theorem. If one would insist on
keeping the link between Menelaus and the Theorem, a very appropriate place for it
could be the exposition on (rising and) setting times mentioned by Pappus in Coll.
VI.110. No modern scholar seems to believe that the extreme scenario is possible.
Still, a circumstantial argument can be adduced in its favour.”’ Neither Ptolemy nor
Theon (nor, by implication, Pappus, whose commentary Theon surely took as a
reference) ever associate the name of Menelaus with the Theorem that deserves the
longest and most sustained mathematical argument in A/m. or in the commentaries
thereon. If Ptolemy’s silence comes as no surprise at all*®, to explain the silence of
the commentators (part of whose job was exactly to make tacit references of this kind
explicit) such typical distortions of hypercritical exegesis must be mobilized as
supposing that Pappus’ and Theon’s acquaintance with the Sphaerica was limited to
the propositions they quoted—or maybe, to the first book of the treatise. The fact that
the Sector Theorem is applied in a number of subsequent propositions (Sph. 111.2, 3,
13, 16, 22, 24 in Abii Nasr’s revision) has no relevance, since, for instance, a result as
fundamental as the invariance of the cross—ratio on the surface of a sphere is applied
without proof in Sph. II1.5. On the contrary, this fact might provide a very simple
explanation of the presence of the Sector Theorem in the Sphaerica we read: it was
included to fill a perceived deductive gap. The fact that the Theorem is attested in the
entire Arabic tradition suggests that this supplement to Menelaus’ Sphaerica was
already present in the Greek line of tradition. It may well be that the scholiast (who
most likely writes, as we have seen, in the early 6™ century) already had a
“completed” edition of the Sphaerica in his hands.

4 Quite a strong case for severing the link between Menelaus and the Theorem, still holding that it was
present in the Sphaerica, with many circumstantial and substantial arguments, is made in Sidoli 2004a. See
Sidoli 2006, section V, for the presence of the Theorem in Menelaus’ exposition on rising and setting times.
48 Ptolemy never mentions Euclid even if, for instance, he refers to the enunciations of £/. XII.9 and 10 in
Alm. 1.10, POO 1.1, 33.12—15 and 33.18-20. Of course, one might also be to some extent entitled to entertain
the hypothesis that Ptolemy did not know the Sphaerica.
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2. Menelaus’ Sphaerica did contain the Sector Theorem but not the “parallel” case. It is
the conclusion drawn by Rome (1933, 50):* “il semblerait bien, d’aprés ce qui précé-
de, que Ptolémée et Théon ne trouvaient pas dans Ménélas la preuve compléte du
théoréme qui est mis sous son nom”. The crucial clue, of course, is Theon’s claim
that the “parallel” case is “non—constructible”, but also Ptolemy’s silence about it is
significant: Rome takes pains to show, a task that is not obvious at all, that in none of
the seventeen applications of the Theorem in A/m., the “parallel” case is needed, in at
least one case the necessity of applying it being neutralized by a trifle. It is perverse,
so Rome concludes, to think that Ptolemy spent a treasury of ingenuity during one
thousand pages, just to avoid writing down the 5—line proof of the “parallel” case.
This hypothesis has the advantage that we do not have to suppose that Theon (and,
almost surely, Pappus) was ignorant of the later part of the Sphaerica. Again, we may
think that the “parallel” case was added, in a sketchy form, at some point in the Greek
line of transmission, possibly after Theon, or possibly independently of him; the form
of the addition triggered the various completions and additions attested in the Arabo—
Latin tradition; our scholiast just made a compendium of the argument he had found
in his source (note that, contrary to what happens in sch. 1, he does not mention the
Sphaerica!). As for the apparent disadvantage of this hypothesis, namely, that we
should think of a Menelaus (and of a Ptolemy after him) who did not realize that the
proof he was about to give is incomplete, one might argue that in fact it is not, since
the “parallel” case does not give rise to a compounded ratio (as we have seen, also
Theon’s remark can be read in this way). Therefore, it is debatable whether it can be
regarded as a case of the Sector Theorem, or simply as a result similar to it and
holding for the same spherical supine configuration as the Sector Theorem. As a
matter of fact, the “parallel” case cannot occur in some of the propositions of the
Sphaerica in which the Sector Theorem is applied: these are Sph. 111.16, 22, 24 (and
II1.13 only applies the theorem “by composition”). Moreover, the “parallel” case is
never used in A/m., and one might argue that in fact it could not.”’ Maybe it is simply
at oversight on the part of Menelaus and Ptolemy, that Theon later transformed into
an impossibility.

3. Menelaus’ Sphaerica contained a complete proof of the Sector Theorem. This was
ignored by Ptolemy and Pappus and unknown to Theon, but found by some scholar in
the late ancient period. The main reason favouring Menelaus’ authorship obviously
resides in the fact that the Arabo—Latin tradition has the Sector Theorem in its com-
plete form. If this were the case, however, we need to explain how Pappus and Theon
either ignored or did not know this. As for Ptolemy, there is no indication that he read
Menelaus’ Sphaerica. At the very least he did not choose to use the material on sphe-
rical trigonometry that begins with the Sector Theorem, since this would have greatly

* This conclusion is virtually endorsed in Lorch 2001, 335.
%0 This was argued by N. Sidoli in a private communication. I hope he will fully develop his point.
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simplified his spherical astronomy (see Nadal, Taha, Pinel 2004, 404). So he was
probably following a previous, well-established tradition (Sidoli 2006, section V).
Pappus clearly read some of Menelaus’ treatise, but there is no indication that he
went on to the final section on spherical trigonometry, which is anyway unnecessary
for expounding Ptolemy’s methods. As for Theon, there is nothing to indicate that he
was familiar with the material on spherical trigonometry too, so all we need to
assume is that Theon himself did not have Menelaus’ book available to him, and
quoted Sph. 1.13 and 14 in in Alm. VI by lifting them from some other source. Note
that this source cannot be Pappus’ commentary, whose book VI we read and who
does not mention the two propositions.

Someone might think that one of theses scenarios fits the documentary record on the
Sector Theorem better than the others. I content myself with admitting that such a record
fiercely resists being satisfactorily fitted.”'

5T thank Nathan Sidoli for his critical remarks and Ramon Masié for helping me with the diagrams. This
research was supported in part by the project FFI2015-65118-C2-2-P “El autor bizantino II: Transmision de

los textos y bibliotecas” of the Spanish government, Ministerio de Economia y Competitividad.
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Appendix. Sph. 1.13 and 1.14 in Theon’s commentary

The text is established on the basis of Laur. Plut. 28.18, ff. 250v-251v (siglum L), Marc.
gr. 303. f. 127r (H), Vat. gr. 183, ff. 189v—192r (X); the first critical apparatus presents
the variant readings of these manuscripts, that Rome had shown to belong to different
branches of tradition (L on the one side, HX on the other: i4, XXI-XXIV and LXXXVI-
XcCI) as far as Theon in Alm. I-1V is concerned. However, a few variant readings suggest
either that X was a direct (and very bad) copy of L or that they are apographs of the same
model. The second critical apparatus contains the variants of the main manuscripts of the
two Byzantine recensions: Vat. gr. 198, f. 448r (J), and Marc. gr. 310, ff. 233v—234r (E),
respectively. The Venice manuscript was penned by Isaac Argyros, to whom this recen-
sion must be ascribed—in fact, as it was usual with Argyros, his text is a correction in
scribendo of the recension contained in the Vat. gr. 198.

Contrary to what we might have expected given the fact that Theon in Alm. -1V is
very correctly copied in L (i4, XXIIIL: “on le [scil. the copyist] prend rarement en faute”),
the text in this manuscript is larded with mistakes, often very trivial (for instance, icog
“equal” is constructed several times with the genitive) and often to be found also in HX;
such trivial mistakes are not contained in the summaries located in the margins of L, and
here simply transcribed in three footnotes to the Greek text. This cannot be explained by
the mere fact that a different copyist is at work in Theon in Alm. VI. One cannot draw
conclusions from such a short text as the one edited here, but a good working hypothesis
is that all extant manuscript witnesses of Theon in A/m. VI derive from an exemplar copi-
ed by a surprisingly unskilled copyist on a model in majuscule filled with abbrevations,
conventional signs and truncated words.

The Greek text is edited and (sparingly) punctuated according to the rules expounded
in Acerbi, Vitrac 2014, 98. The diagrams of L are reproduced as P1. I and PI. II (ff. 250v
and 251r, respectively). The sign | marks the beginning of a page of L. The first and the
second critical apparatus are placed at the end of the Greek text and of the translation,
respectively.

Greek Text

T00TOV P&V oDV Eveko ®¢ &mi TO TAEIoTOV ToLUEPESTEPOV KOTOAAUPAvVOVTOL Ol
elpNUéVOL TPOGVEDCELS dUVATOV 0 £0TIV AKPIPESTEPOV aDTAG EPOSEVEY TPOoLauPavo-
HEVOV TV TO10VTOV 300 Bewpnudtov detybéviav &v toic Mevehdov oQoiplkois.

2gav dvo Tpimhevpa piov yoviov wd yovig fonv &m mepl 88 dAhag yoviag Tag
mievpag Toag ekatépav Ekatépq Tag 6€ Aowmag yoviag duo dvoilv 0pbaic un icag, Kol tag
Aowmag Thevpag icag aAAnAag EEgL.

52 Marg. ext. L ndc detkvotar 1 Aeyopévn mpdtactc &v 500 tpimhevpa piov yoviav i yovia lonv &m mepi
8¢ dAAag yoviag Tag TAeLPAS Toag EKaTEPOV EKATEPQ TAG O& Aowmdg Yoviog dua dusiv 0pbais pur foag, kai Tag
Aowag mAgvpag ioag aAANaig et
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PL 1. The diagram of Sph. 1.13 in Theon, in Alm. VI.11. Firenze, Biblioteca Medicea Laurenziana,
Ms. Plut. 28.18, f. 250v. Su concessione del MiBACT. E vietata ogni ulteriore riproduzione con

qualsiasi mezzo.

Pl II. The diagram of Sph. 1.14 in Theon, in Alm. VI.11. Firenze, Biblioteca Medicea Laurenziana,
Ms. Plut. 28.18, f. 251r. Su concessione del MiBACT. E vietata ogni ulteriore riproduzione con

qualsiasi mezzo.

Translation

By virtue of this, the said inclinations can be obtained quite loosely in most cases; still, it
is possible to compute them more exactly if one assumes the following two theorems
proved in Menelaus’ Spherics as a preliminary.

If two trilaterals have one angle equal to one angle, the sides about the other angles
respectively equal, and the remaining angles together not equal to two right <angles>,
they will also have the remaining sides equal to one another.
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g€otm dvo tpimievpa 1 ABIT AEZ Toog €ypovta tdg yoviag T mpdg toig B E tag d¢
nepl tag I Z yoviag mhevpdg Toag, | v pnev BL tf) EZ v 6¢ AT 1] AZ, xoi &1t t0¢ mpdg
T0i¢ A A yoviag dpo un ioog dvoiv 0pbaic. Aéyw 6Tt ion éotiv 1} AB 11j AE.

€xPepancbom yap 1 EA éni 10 H. €nel ai vnd BAT EAZ taig 0o EAZ ZAH dvicoi giot,
Kowijg apatpovuévng tiic vmd EAZ lowtai ai vmo BATT ZAH dwvicoi eiowv. €ot@ on
npotepov peilov 1 Vo ZAH tiig oo BAT, kai cuveotdto i A yovig ion 1 ¥10 ZAG,
kol keiobw 1] AB ion 1 AB, kal S T@v Z O péyiotog kokhog yeypaebm 6 Z0O, kol &1t
o tdv ® E 6 OF.

énel iom éotiv 1 AB 1] A® 1 8¢ AT 1] AZ, Vo o1 ai BA AT dvoi taig @A AZ ico
elot: kol yovia 1 vno0 BAT yovig tf] 9160 O@AZ ion: Paoig dpa 1 Bl Bdacel tf] OZ éotiv
ion: dAAa M BT tf) EZ vmokerton ion: xai ) EZ dpa tfj ZO ion €otiv: dote kol yovia 1
o ZE® yovig tf] o0 ZOE ion éotiv. kai €nel icov dnedeiybn 10 ABI tpimievpov 1@
AZO tpumhevp®, ion €oti Koi 1 V0 ZOA yovia tf] vno TBA- dAld 1 O0 TBA i} 010
ZEA &otiv ion- dote kol 1) vnd ZOA 1fj Vmd ZEA éotiv Ton, ov 1) 10 EOZ 1ij vnd OEZ
€0eiyOn Ton' xai Aown dpa 1 Vo AE® Lowrij tf] vo AGE éotiv ion: dote kol Tievpd 1
EA mhevpd tf) A® iom éotiv: aAL’ 1| A® 1] AB fon kai 1| AB dpa tf] EA {on:—

BEotw 81 Ehdocov 1 vmd ZAH yovia tiig BAT, kai suvestdto tf) Vo BAT fon 1) Hnd
ZAK, xai &ot® malwv ion 1 AB 1fj AK. Opoiog mdiv S T@V avt®dv ETAOYIGUOV
deryOnoeton TO TPOKEIUEVOV.

Mgav dbo Tpimhevpa Tag Vo yoviag Taic duai yoviag ioag &xm éxatépav skatépq kai
v Paow 11 Pacel Tonv &m v Tpog tailc ioag yovioig, Kol Tag AoUdg TAEVPAS TG
Aouaic mhevpaic ioag EE¢et.

£€otm 600 tpimievpa 10 ABI' AEZ 106 600 yoviag taic dvuoi yoviag ioag Exovia, TV
pev vmo ABT 1§} Ono AEZ v 8¢ vmd BI'A 1) vno EZA, mhevpav 8¢ v BI 1] EZ ionv.
Aéym 611 kol TG Aowmdc TAEVPAG Talg Aowtaig TAevpais ioog EEet.

fitot yap opbai gictv ai vo ABI" AEZ 1j éldttoveg fj peilovg.

gotwoav npotepov opbai- ol dpa td@v AB AE kdkAwv moérol énl tdv BT EZ gioi- kai
glow ai 'B EZ fjtot tetaptnuopia §| peiloveg 1 ELdoocoveg.

EGTOOOV TPATEPOV TETAPTNUOPIL TETAPTNUOPLO Epa koi ai TA AZ- §vo odv ai B[ TA
dvol taig EZ ZA Too eioi kol yovia 1 vno BT'A yovig tf) vno AZE ion- Baoig dpa 1| AB
Baocet tf] AE iom éotiv.

gotwoav o1 éLdccoveg tetaptnuopiov ai BI' EZ, kal keicbwoav tetapmmpopio icat ai
BH E®, | xai 010 t@dv H A A @ péyiotot kokAotl yeypapbmacav ot HA A®- tetaptnuopiov
Gpo Exatépa.

3 Marg. ext. L nd¢ derydfioetor 10 mpokeipevov £av dmoddpuedo éhdooova evar tiv vmd ZAH yoviav tic
V7o BAT.

% Marg. ext. L nd¢ defkvotar 1o &iv 860 tpimhevpa 1ig 0o yoviag taic Susl yovioe Toac &m éxatépayv
£kotépe kol Vv Pacw tf] Pdoet ionv Eyn v mpog taig ioang yavioig, Kol Tig Aoig TAELPAS TOIG Aoumaic
mhevpais ioag EEet.
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Let there be two trilaterals ABI', AEZ, having the angles at B, E equal, the sides about
angles I', Z equal (BI' to EZ and AT to AZ), and again the angles at A, A together not
equal to two right <angles>. I say that AB is equal to AE.

In fact, let EA be produced as far as H. Since BAI', EAZ are unequal to EAZ, ZAH,
once EAZ in common is removed the remaining BAI', ZAH are unequal. First, then, let
ZAH be greater than BAT', and let ZA® be constructed equal to angle A, and let A® be set
equal to AB, and let a great circle Z® be traced through Z, ®, and again ®F through O, E.

Since AB is equal to A® and AT to AZ, two <arcs> BA, Al are equal to two @A, AZ;
and angle BAT is equal to angle ®AZ; therefore base BI' is equal to base ®Z; but BI" has
been supposed equal to EZ; therefore EZ is also equal to Z®, so that angle ZOE is also
equal to angle ZE®. And since trilateral ABI" has been proved equal to trilateral AZO,
angle ZOA is equal to 'BA; but I'BA is equal to ZEA, so that Z®A is also equal to ZEA,
of which E®Z was proved equal to @EZ; therefore AE® as a remainder is also equal to
A®E as a remainder, so that side EA is also equal to side A®; but A® is equal to AB;
therefore AB is also equal to EA.

Then, let angle ZAH be less than BAT', and let ZAK be constructed equal to BAT, and
let again AB be equal to AK. Again, what has been proposed will be similarly proved by
means of the same arguments.

If two trilaterals have two angles respectively equal to two angles and have the base
equal to the base (the one about the equal angles), they will also have the remaining sides
equal to the remaining sides.

Let there be two trilaterals ABI', AEZ having two angles equal to two angles (ABI to
AEZ and BI'A to EZA) and side BI' equal to EZ. I say that they will also have the
remaining sides equal to the remaining sides.

In fact, ABI', AEZ either are, or are less, or are greater than a right <angle>.

First, let them be right <angles>; therefore the poles of circles AB, AE are on BI', EZ;
and I'B, EZ either are, or are less, or are greater than a quadrant.

First, let them be quadrants; therefore I'A, AZ also are; now, two <arcs> BI', ['A are
equal to two EZ, ZA; and angle BI'A is equal to angle AZE; therefore base AB is equal to
base AE.

Let BI', EZ be less than a quadrant, and let BH, E® be set equal to a quadrant, and let
great circles HA, A® be traced through H, A, A, ®; therefore each of them is a quadrant.
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kai énel Toan gictv ai BH E@ dAraig, ®v ai BI' EZ oo, Aowoi dpa ai TH OZ oot
glotv: giol 0¢ kai ai HA A® icar kai yovie 1 dno ATH ] 910 ®ZA ion 010 10 kol Tag
8petfic Toac elvar dvo 81 tpimievpd éott 16 ATH AZO piov yoviav wd yovig ionv
&yovta, v 0 AI'H ] dno AZO, 7epl d¢ tag Vo THA ZOA tag mhevpag ioag tag 08
Aowmag tog vo TAH ZAB dua dveiv 0pbaic dvicovg d1a t0 drag tag vwd BAH EA® dbo
dp0ag elvar kai oi Aowwoi épa mhevpai Toig howmaig TAevpoic ioat eiciv ékatépa Ekotépq
ion dpo N AT 11j AZ- €01 6¢ kai M) BT 1§} EZ Ton- 600 o1 ai BI' T'A dvol taig EZ ZA {oat
elotv ékatépa exatépg- Kol yovio 1 0o BIA 11i om0 EZA Ton- Baoig dpa 11 AB Baoet i)
AE éotiv Tom.

gotwoav on wiiAwv ai BI' EZ peiloveg tetaptnuopiov, kai daenpricboocav
tetapmuople BK EA, kai s tdv K A A A péyiototl kokhot yeypapbocav ol KA AA-
TeTapTpoplov dpa kol Ekatépa t@dv KA AA- gioitv 8¢ kai ai BT EZ icar kai Aowwal dpa
al KI' AZ {oai: dvo on tpimhevpd éott o AKD AAZ piav yoviav uid ionv &govra, v
v7o BI'A 1) vmo EZA, mepi 8¢ tag 010 TKA ZAA 10¢ mhevpag ioag T 8¢ Aowmag yoviag
g v KAT AAZ dpo Svsiv dpaic dvicovg did 1o tag vmo BAK EAA §vo 0pOdg sivor
kol 10¢ €peéiic Tog Vw0 KAM AAN- kai ai AT AZ Gpa icon gioi o10 10 mpodeyfév: 800
obv oi BI' TA $vei toig EZ ZA ioa eioi- kai yovia 1§ o BI'A tfj vn0 EZA ion: Béoic
apo 1) AB PBdoet t1i AE on éotiv.

0070 6& Mevélaog anédeiéey &v T® 0 TOV GPALPIKDV :

2 avtag] 6g LHX 4 g yovig] om. X | &ym] éxet LX : éxetv H 5 pn] s.l. X | xoi tag — 6 dAAAoug] om.
X 6 ardfrioug] adniov LH 7 tpinievpa 1o ABI' AEZ icag] om. X | 1oig] tfig X 8 EZ] EI' HX 11
xowfig] xowvoig X | Aowrai ai] ai Aowei LHX | 81] 8¢ L 13 péyiotog kokhog] u¥ k° LH : peyéiov kdhov
X 15ai] | LHX | duci] SvoL:pH | ®A] A® HX 16 yovia] yovior L 17 i EZ] tiic Z LH | 1] bis H
18 yovig] om. H | ZOE] ZE® LHX | icov] icot X 19 1] om. X | yovio] bis X 20 ] s.. LX | @v] dg
kai X 21 &8eiyOn] é8ix0n L | AE®] AEZ LHX | tij] om. X | AGE] ®AE HX 22 AB'’JAMH | tij’] tfig
LHX | ion] dpo comp. LHX 23 tijc BAI'] 1fjc BA H : 1) BA X | f] om. L 24 1fj] tijg LHX 25
deyyOnoetan] deybetan L | mpoxeipevov] —puevov sed corr. L 26 &y &xet HX | éxotépo] om. X 27 &yn]
gre1 X | mhevpic] i L 28 mhevpaic] 7 L 30 BTA] BAT am L : BAT HX | EZA] EAZ HX 31 koi ]
bis X 33 molot] moArot L 34 I'B] BI' X | tetapmmudpwr] tetpaydveov LHX | éhdocoveg] ehaccov L 35
‘CS‘E(lpTT]},L()pl(II] tetpayovev L : om. HX | tswprnuéplaz] tetpayovov LHX | 800] dio L | TA] 'A LHX
36 BT'A yovig ) om0] om. X 37 AE] 8¢ AE L 38 0] un LHX | tetaptnpopiov] tetpayoveov LHX |
tetopuopio] tetpdyovov LHX 39 yeypdobwoav] yeyo— L | HA] KA X | tetaptnuopiov] tetpaywv/ LH
: tetpdyovol X 41 dAMAaig, dv] dAMilov LHX 42 oi] om. LHX | HA]NA H 44 ZOA] ZOA LHX |
mheopic] T L 45 Suoiv] dvo L : B H | dvicovc] dvica X 46 mhevpoic] o L | foat eioiv] elow loar X 48
Baoig] Paoeig L 50 tetapmpopiov] tetpayoveov LHX 51 tetaptnuopia] tetpayovev LH : tetpdyove X |
BK] ABK LHX | péywototr kokhot] u¥ x° LH : péya xoxhov X 52 tetaptnuopiov] tetpay/ L : tetplrymvol
HX | 8] 6\ LHX 53 éott] om. LHX 54 BI'A 1f] 910 EZA] BAT 1f] 10 EAZ LHX | ZAA tag — 55 ¥mo
KAT] om. HX | mievpag] mheiovg L 55 EAA] EAZ LHX 56 AAN] AAN LHX | ai] om. X | {oo giol]
eiotv icon X 58 Baoet] Baot L 59 Mevéraog] Mevéhacog LH | o'] tpdte X
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And since BH, E® are equal to one another, of which BI', EZ are equal, therefore I'H,
®Z as remainders are equal; and HA, A® are also equal; and angle AT'H equal to @ZA
because the adjacent <angles> are also equal; then, there are two trilaterals ATH, AZ®
having one angle equal to one angle (AI'H to AZ®), the sides about 'HA, ZO®A equal,
and the remaining <angles> I'AH, ZA® together unequal to two right <angles> because
BAH, EA® as a whole are two right angles; therefore the remaining sides are also equal
to the remaining sides, respectively; and angle BI'A is equal to EZA; therefore base AB is
equal to base AE.

Then, again, let BI', EZ be greater than a quadrant and let quadrants BK EA be
removed, and let great circles KA, AA be traced through K, A, A, A; therefore each of
KA, AA is also a quadrant; and BI', EZ are equal; therefore KI', AZ as remainders are
also equal; then, there are two trilaterals AKI', AAZ having one angle equal to one (BI'A
to EZA), the sides about 'KA, ZAA equal, and the remaining <angles> KAI', AAZ
together unequal to two right <angles> because BAK, EAA are two right angles and the
adjacent <angles> KAM, AAN also are; therefore AI', AZ are also equal because of what
has been proved above; now, two <arcs> BI', ['A are equal to two EZ, ZA; and angle
BT'A is equal to EZA; therefore base AB is equal to base AE.

Menelaus proved this in the 1** <book> of the Spherics.

2 avtoc] tavtag E - 3 mpohapfavopévav] mpociappavopivey E 5 skatépav] éxotépa J 6 mhevpic] n E
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£oto 01 éotw E | howai ai] oi dowmat ai J 12 A] BAT' J : mpog td A E 13 péyiotog kvkAog] peyiotov
kOKAov meprpépeia E | En] om. J 15 énel] kol énel JE | éotivlom. J | ®A] A® E 16 ¢ici] iciv éxatépa
éxatépa J | post ion marg. add. kai 10 ABT tpimkevpov 1@ AZO tpmhedpw icov éotiv E 17 ZO ion éortiv]
©Z éotiion J : ZO éotifon E 18 yovig] om. JE | {on éotiv] éotiv ion E 19 yovia] om. JE 20 ZEA'?]
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om.J 34TB]BI' JE | tetaptnuopia] tetpoyoveov JE 35 tswprnuéplalz] tetpoydvov JE 36 AZE] EZA
JE | on]ion éoti E 37 AE iom éotiv] EA éotiion ] 38 tetaptnuopiov] terpaydvov JE | tetaptmpopio
ioat] tetpayovav J : tetpaydvov icat E 39 AO] O AJE | A®] OA E | tetaptnuodplov] tetpaymvov JE
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avtag opoing oplag J 57 eioi] giol xatépa Exatépa J 58 ion éotiv] éotiion J



120 Fabio Acerbi SCIAMVS 16

Diagrams

Fig. 1. First rectilinear lemma Fig. 2. Second rectilinear lemma

Fig. 3. First cyclic lemma Fig. 4. Second cyclic lemma
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Fig. 5. Third cyclic lemma

Fig. 6. Fourth cyclic lemma

Fig. 7. The Sector Theorem



122 Fabio Acerbi SCIAMVS 16

References

Acerbi F. (2010), Two Approaches to Foundations in Greek Mathematics: Apollonius
and Geminus, Science in Context 23, 151-186.

Acerbi F. (2011), The Language of the ‘Givens’: its Forms and its Use as a Deductive
Tool in Greek Mathematics, Archive for History of Exact Sciences 65, 119—153.

Acerbi F. (2012), I codici stilistici della matematica greca: dimostrazioni, procedure, al-
goritmi, Quaderni Urbinati di Cultura Classica, n. s., 101(2), 167-214.

Acerbi F. (2016), Composition and Removal of Ratios in Geometric and Logistic Texts
from the Hellenistic to the Byzantine Period, in S. Cuomo, M. Sialaros (eds.), Revolu-
tions and Continuity in Greek Mathematics, Berlin, Springer, in print.

Acerbi F. (2017), The Scholia Vetera to Ptolemy’s Almagest. Books I-III, Mathematica
Graeca Antiqua 5, Pisa—Roma, Fabrizio Serra Editore.

Acerbi F., Vitrac B. (2014), Héron d’Alexandrie, Metrica, Mathematica Graeca Antiqua
4, Pisa—Roma, Fabrizio Serra Editore.

Bjornbo A.A. (1902), Studien iiber Menelaos’ Sphdrik. Beitrage zur Geschichte der Sphé-
rik und Trigonometrie der Griechen, Abhandlungen zur Geschichte der mathemati-
schen Wissenschaften, Heft 14, Leipzig, B.G. Teubner.

Bulmer-Thomas 1. (1974), MENELAUS OF ALEXANDRIA, in Ch.C. Gillispie (ed.), Diction-
ary of Scientific Biography, 16 vol., New York, Ch. Scribner’s Sons 1970-80, vol. IX,
296-302.

Burnett Ch. (2001), The Coherence of the Arabic—Latin Translation Program in Toledo in
the Twelfth Century, Science in Context 14, 249-288.

Clagett M. (1964), Archimedes in the Middle Ages, Vol. 1. The Arabo—Latin Tradition,
Madison (WI), The University of Wisconsin Press.

Claudii Ptolemaei opera quae exstant omnia, Vol. 1. Syntaxis mathematica, ed. J.L. Hei-
berg, 1 vol. in 2 parts (1898-1903), Vol. II. Opera astronomica minora, ed. J.L. Hei-
berg (1907), Leipzig, B.G. Teubner (referred to as POO in the text).

Commentaires de Pappus et de Théon d’Alexandrie sur [’Almageste, ed. A. Rome, 3 vol.,
Studi e Testi 54, 72, 106, Citta del Vaticano 193143 (referred to as i4 in the text).
Euclidis opera omnia, ed. J.L. Heiberg, H. Menge, 8 vol., Leipzig, B.G. Teubner 1895—

1916 (referred to as EOO in the text).

Fligel G. (1872), Kitab al-Fihrist, 2 vol., Leipzig, F.C.W. Vogel.

Fournet J.—L., Tihon A. (2014), Conformément aux observations d’Hipparque : /e Papy-
rus Fouad inv. 267 A, Publications de I’Institut Orientaliste de Louvain 67, Lovain—
la—Neuve—Paris, Peeters.

Fuentes Gonzalez P.P. (2005), MENELAUS D’ALEXANDRIE, in R. Goulet (ed.), Diction-
naire des Philosophes antiques, Paris, CNRS Editions 1994—, vol. IV, 456-464.

Gori C. (2002), Le Sferiche di Menelao, Tesi di Laurea in Matematica, Universita di
Roma Tor Vergata.



SCIAMVS 16 Traces of Menelaus’ Sphaerica 123

Heiberg J.L. (1927), Theodosius Tripolites Sphaerica, Abhandlungen der Gesellschaft der
Wissenschaften zu Gottingen, Philologisch—Historische Klasse, Neue Folge bd.
XIX,3.

Hogendijk J.P. (2000), Traces of the Lost Geometrical Elements of Menelaus in Two
Texts of al-Sijzi, Zeitschrift fiir Geschichte der arabisch—islamischen Wissenschaften
13, 129-164.

Jones A. (1999), Astronomical Papyri from Oxyrhynchus, 2 vol., Memoirs 233, Philadel-
phia, American Philosophical Society.

Jones A. (2016), Unruly Sun: Solar Tables and Calculations in the Papyrus PFouad
267 A, Journal for the History of Astronomy 47, in print.

Krause M. (1936), Die Sphirik von Menelaos aus Alexandrien in der Verbesserung von
Abt Nasr Manstr B. ‘Alt B. ‘Iraq, mit Untersuchungen zur Geschichte des Textes bei
den islamischen Mathematikern, Abhandlungen der Gesellschaft der Wissenschaften
zu Gottingen, Philologisch—Historische Klasse, Dritte Folge, Bd. 17.

Lemay R. (1974), GERARD OF CREMONA, in Ch.C. Gillispie (ed.), Dictionary of Scien-
tific Biography, 16 vol., New York, Ch. Scribner’s Sons 1970-80, vol. V, 173-192.
Lorch R. (2001), Thabit ibn Qurra on the Sector Figure and Related Texts, Islamic

Mathematics and Astronomy 108, Frankfurt am Main.

Nadal R., Taha A., Pinel P. (2004), Le contenu astronomique des Sphériques de Méné-
laos, Archive for History of Exact Sciences 59, 381-436.

Neugebauer O. (1975), A History of Ancient Mathematical Astronomy, 3 vol., Berlin—
Heidelberg—New York, Springer.

Pappi alexandrini Collectionis quae supersunt, ed. F. Hultsch, 3 vol., Berlin, Weidmann
1876-78.

Rome A. (1933), Les explications de Théon d’Alexandrie sur le théoréme de Ménélas,
Annales de la Société Scientifique de Bruxelles, Série A, 53, 39-50.

Rome A. (1933a), Premiers essais de trigonométrie rectiligne chez les Grecs, L antiquité
classique 2, 177-192.

Rome A. (1948), La prosneuse des éclipses dans I’astronomie ptolémaique. Note prélimi-
naire, L ‘antiquité classique 17, 509-518.

Sezgin F. (1974), Geschichte des Arabischen Schrifitums, Band V, Mathematik bis ca.
430 H, Leiden, E.J. Brill.

Sidoli N. (2004), On the use of the term diastéma in ancient Greek constructions, Histo-
ria Mathematica 31, 2—10.

Sidoli N. (2004a), Hipparchus and the Ancient Metrical Methods on the Sphere, Journal
of the History of Astronomy 35, 71-84.

Sidoli N. (2006), The Sector Theorem Attributed to Menelaus, SCIAMVS 7, 43-79.

Sidoli N., Kusuba T. (2014), Al-Haraw1’s Version of Menelaus’ Spherics, Suhayl 13,
149-212.



124 Fabio Acerbi SCIAMVS 16

Tannery P. (1883—4), Pour ’histoire des lignes et surfaces courbes dans 1’antiquité, Bulle-
tin des Sciences mathématiques, 2° série, 7, 278-91; 8, 19-30 and 10112, reprinted in
Id., Mémoires Scientifiques, tome 11 (1912), n. 30, 1-47.

Toomer G.J. (1973), The Chord Table of Hipparchus and the Early History of Greek Tri-
gonometry, Centaurus 18, 177-192.

Toomer G.J. (1984), Ptolemy’s Almagest, London, Duckworth.

Vitrac B. (2001), Euclide d’Alexandrie, Les Eléments. Vol. 4. Livres XI a XIII, Paris,
Presses Universitaires de France.

Wiirschmidt J. (1925), Die Schrift des Menelaus iiber die Bestimmung der Zusammen-
setzung von Legierungen, Philologus 80, 377-409.

(Received: October 16, 2015)
(Revised: December 14, 2015)





