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l. Introduction

Theon of Alexandria wrote in the second half of the fourth century AD a full-scale
commentary on Ptolemy’s Almagest. Of this commentary, originally composed in thirteen
books, corresponding to the books of the Almagest itself, most parts have been preserved.
What is lost is the entire book XI, while, with regard to book V and the last books of the
work there are lacunae in the transmitted text. Furthermore book VIl and portions of other
books are preserved only in a late Byzantine recension.

As Adolph Rome has explained, in the prolegomena to his edition (Rome 1931, Xxi
ff.), the direct manuscript tradition of Theon’s commentary has three branches: one is
formed by the early ninth century manuscript Laur. Plut. 28.18, “le manuscrit le plus
fidele” as Rome says (1931, xxiii), and it is available only for books I-1V, already
published by him (1936; 1943), and VI; a second branch transmits also a ‘genuine’ text,
possibly not coinciding with the one of the first branch, whose sole testimony for books
VII-X and XII-XIII (and of these, only partially) is Vat. gr. 1087; and a third branch is
formed by a group of manuscripts — among which are Vat. gr. 198, Marc. gr. 310,
Norimb. Cent. V, app. 8 — that carry the text of the aforementioned Byzantine recension;
the printed version of the last manuscript is the Basel edition of 1538.!

On the other hand, it is also known that at some time — most likely in Late Antiquity,
but, at any rate, not later than the first half of the ninth century — portions of Theon’s
main text were copied in some manuscripts in the margins of the Almagest. These
portions have been transmitted as scholia appended to the text of the Almagest either in

! Claudii Ptolemaei Magnae Constructionis id est Perfectae caelestium motuum pertractationis lib. XIII.
Theonis Alexandrini in eosdem commentariorum lib. XI. Basileae, Apud Joannem Vvalderum, an.
MDXXXVIII.
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manuscripts of the Byzantine recension, such as Vat. gr. 198 and Marc. gr. 3107 or in
some manuscripts which carry the text of the Almagest, accompanied by its marginalia,
but not Theon’s running text; such manuscripts are, for example, Vat. gr. 1594, Vat. gr.
180, and Vat. gr. 184.

Unfortunately, as said before, only the first four books of Theon’s commentary have
been critically edited.®> The scholium we publish here comes from the unpublished book
XIII. It is a fragment in which Theon, commenting on a mensuration problem discussed
by Ptolemy in Almagest XII1.3, proposes two different solutions to it. In our sole
‘genuine” witness for Theon’s book XIII, the codex Vat. gr. 1087, the fragment appears
on f. 145r-v. This codex forms a unit with Par. gr. 2396, which carries the text of the
commentaries on books I-1l and 1V, since the two manuscripts, as Rome himself already
discovered, “sont le commencement et la fin d’un méme codex, dont le milieu est perdu”
(Rome 1931, xxi n. 1). The first part of this unit (the actual Par. gr. 2396, or, to be more
precise, the most part of it since the last part of the commentary on book IV was added
later) was copied in the years around the end of the thirteenth century in the entourage of
Maximus Planudes, who not only supervised the whole project but also participated in the
writing.* The portion of Vat. gr. 1087 containing the fragment we publish here was
copied in the same period and in the same milieu, as we deduce from the presence on f.
145v of a tabular set-up of Theon’s second solution, very much in the style of those
presented in Planudes’ commentary on Diophantus’ Arithmetica I-I1; it was obviously
included in Maximus Planudes’ lifetime, probably by Planudes himself.

2 A well-known example of material originally belonging to the main text of Theon’s commentary and
transmitted as marginalia of the Almagest is that of book V, most of which has been found by A. Tihon
(1987) in the margins of the fifth book of the Almagest in Vat. gr. 198. Cf. (Rome 1953).

® Besides the aforementioned Basel edition, Halma (1821) has also edited and translated into French the first
two books. His edition was based on the fifteenth century manuscript Par. gr. 2398, a manuscript containing
the text of the Byzantine recension (Halma 1821, viii).

4 See (Mondrain 2005, 17). According to Mondrain (2007, 161) Par. gr. 2396 must have been written in the
years 1292-1293.

® The abbreviated presentation of the solution is included in an empty place that was left in f. 145v. In the
transcription below we are using the signs S and A that appear in the manuscript. The meaning of these

signs will be explained at the beginning of section I1.
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Besides Vat. gr. 1087, the fragment appears in some of the manuscripts of the
Byzantine recension, in which the text of Theon’s commentary is partially ‘dismembered’
and portions of it are relocated, formatted as scholia, in the margins of the text of the
Almagest contained in the same manuscripts. Such manuscripts are Vat. gr. 198 and
Marc. gr. 310.° The modalities of this ‘dismemberment’ are really amusing and deserve
to be mentioned.

In Vat. gr. 198, for example, we see that in several places of the last books, just in-
between Theon’s words, is written a phrase referring the reader to certain scholia ({rjtet
10 &&fig év 101G oyoAiolg or {Ntel 0 €E7G év Tolg oyoAiolg néypt Téhovg). That is, the text is
interrupted — only the first phrase of the text coming next is present — and the reader is
referred for the rest to “the scholia”. Each reference to “the scholia” is accompanied by a
clause describing exactly where the corresponding missing fragment is located, and,
furthermore, by a diacritical sign helping the reader to find it. So, by following the
diacritical signs we find the corresponding missing passages from Theon’s commentary
to be relocated many folios earlier, in the margins of the Almagest included in the same
codex. In the case of the fragment we publish here, the text of the commentary on book
X113 is interrupted in f. 484v, immediately after the phrase £otw o1 mpodTEPOV 1t TMDV EK
TOV ypapuuk®dv £podmv émhoyiopdyv, and what we find next to it is the reference (el 10
&R ¢ év toig oyoliolg, accompanied by the instruction {ftet év IF*” Bipriov I' keparoio
€v on ... (the dots standing for the corresponding diacritical sign). The reference leads us
back to f. 306r, where we find the same diacritical sign and, next to it, the fragment we
are seeking.’

Besides the aforementioned manuscripts of the direct tradition of Theon’s
commentary, manuscripts belonging to the indirect tradition provide evidence for the
fragment at issue as well. The most important of these manuscripts is Vat. gr. 1594, the
magnificent codex of the late third quarter of the ninth century® containing one of the
oldest copies of some of Ptolemy’s works and probably copied in the same scriptorium in
which, in the same period, were copied the codices that constituted the famous “collection

® vat. gr. 198 and Marc. gr. 310 belong to a group of manuscripts containing scholarly recensions of ancient
texts of the quadrivial sciences, that were composed in Byzantium during the Palaiologan renaissance. Vat.
gr. 198 is a true quadrivial codex, gathering in more than 500 folios a rich collection of treatises on
astronomy, arithmetic and harmonic. Since the late 1980s the scribe who copied this codex has been
identified with the anonymus aristotelicus, the erudite scribe who worked among others under the emperor
John VI Cantacuzenus (1347-1354) and was recently identified with the monk Malachias (Mondrain 2005,
22-25). Marc. gr. 310, on the other hand, is a purely astronomical codex, carrying the text of the Almagest
accompanied by Pappus’s and Theon’s commentaries on it. It was copied by Isaak Argyros, the leading
Byzantine scholar in Ptolemaic astronomy in the 1360s and 1370s (Mondrain 2007, 165).

" The partial dismemberment’ of Theon’s commentary in the text contained in manuscripts of the Byzantine
recension was already discussed by Heiberg (1907, xxiv) and Rome (1931, vi; 1953, 512).

® See (Follieri 1977, 145-146) and (Ronconi 2013).
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philosophique”. The text of the Almagest in this manuscript is accompanied by a rich set
of scholia, written either in the margins or between the columns, among which is found,
in f. 248v, the fragment we publish here. Vat. gr. 180, dated in the second half of the
tenth century (Orsini 2005, 317-322 and 340-342), is another indirect witness, providing
for our fragment (f. 268r) the same text as Vat. gr. 1594. Furthermore, our fragment
appears on ff. 75v—76r of Vat. gr. 184, a codex which carries a significant part of the
scattered scholia on the Almagest of the codex Vat. gr. 1594, gathered onto ff. 25-80
under the title ®@¢wvog Aleavopimg oxdia TAVY ypHolua €ig v Meydiny Xovtaév.

I1. The text and its translation

For the edition of Theon’s fragment Vat. gr. 1087 (= V) has been used as main text and
Vat. gr. 1594 (= B) to correct some of the readings of V. All corrections are shown in the
notes. Since neither V nor B have any diagram accompanying the fragment, we reproduce
the diagram of Vat. gr. 198. This diagram differs from the diagram of Heiberg’s edition
of Ptolemy’s text (Heiberg 1903, 538) in that in the latter the line EO is not drawn. In the
part of the text presenting the Diophantine solution of the problem at issue, the scribe
uses repeatedly the signs S and A. The same signs appear in our transcription too. The
sign S stands for the word dapBuog, when used with the technical meaning of the name
assigned to a number the finding of which the enunciation of the problem calls for. The
sign A\ stands for Agiyig, the word used for expressing when a term is ‘wanting’
(lacking).’?

1.1 The text

£0Tm O TPOTEPOV S0 TOV EK TOV YPUUUKADY EPOOMV ETAOYIGUAY TG ElpNUEVIS
KON TOG Amodeitan cuvayouévag. &mel ovv 8k TV PoemVY KoTeiAnmTal 1) P&V HId
AEK u° 8§ v oiwv giotv ai 8§ opai TE, 7| 8¢ V0 BEE tédv antdv , peilov épa 1 vnd BEE
i V0 AEK. odx &pa én’ e00siag éotiv 1) EZ 1) EK. d1y0m odv én’ evdeiog T EZ 1)
EO." 1j &pa 00 BEE peilmv £oti tiic 10 AEK 1] vnd KEO™. ofwv &po 1 vnd KEA &
v, Tot0bteV 1 Y0 KEO™ dbo Sipoipov tosadtn yap 1 £k TdV TpHoemv DIepoyy.

® In the preface to the Arithmetica Diophantus refers explicitly to the use of signs (onpsia) for representing
the terms apOpog and Agiyic. See (Tannery 1893-95, i, 6.3-5, 12.19-21).

WEO]EG V.

1 KEO] KE® V.

12 KEO] KE® V.
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mév, émei’? tiic vmd TEK mpdg thv v1d AEE Adyog doTi tdV E Tpdg B, (g £k ToD Tiic
avouaiiog Kovovog yéyove dfjAov, ion 6¢ 1 oo AEE tij vmo OEL, Adyocg dpa Tiig vmo
T'EK 7pog v 010 TEO 6 tév € mpdc™ 8% koi vamohv: kai Stehévar™ Adyog tiic vmd
OEK 7tpog v 010 KET 6 1édv 8 1pog € Hote kai oimv 1 vmo KEI € tot00t0v 1} H1d
KEO §. énei obv ofwv 1) b0 TEO 0 totovtov 1 pév vmd TEK g, 1j 8¢ vmo KEO §, kai
ofov dpa 1 Vo0 KEO tijg £k tdv pricemy dmepoxiic 4° Vo dipoipov: 1 & vnd KEAY
gk Tiic pRoeng 8 7', TotovTmv kai 1 pév vmd TEK ¥ ¢ 1 8& vmdo TEO tovtéotiv ) H1d
AEE pu° ¢ 8édovtou éipa ol vmdo FTEK AEZ yovion 1 peyédst v 6 Adyog fv dedopévoc.
1l kai obtog énel 1 V1o KEO, Tiig £k TdV TNpNosmv vmepoyiic Tuyxavovoa, u° £oti 600
dipoipov, G kai Tig Tod Adyov TAKOTHTOG DIEpoyT) TVYYAvoVoa,® povadmy £oti &
kai oty ofwv 1) Y10 OEK §, totovtav 1y vnd KET & kai oiwv dpo 1 1o OEK B
dioipov, totovtav 1 v1d KEL ¥ v’ koi £nei éotv'® dog tt § mpoc € obtag té B dipotpoa
TPOGY v, Kol EvaAAGE Kol avamoiy, O pépog €oTi T 600 dipotpa Tig TAV TNAIKOTHTOV
VIEPOYAG, TV 8 TG ToD Adyov Drepoyiic, TocoVTMY EoTon Koi TV E Té Tpia Y . OGoHTMG
3¢ O pépog €oti T SHo dipotpa TV §, TO 0TO EcTar Kai ToL S TV 6.

10 enot €av doov PEPOG E0Tiv N LITEPOYT TOV OA®V TNAIKOTHT®V TH|G VITEPOYTiC TOV
AOY@OV TO TOGOVTOV HEPOG EKAGTOV TAV AOY®V Adfwpev, EEopev Trv DO TOV oikelov
Adyov IO TO.

Kai émel cuvdyeTan £k TV eipnuévev Tolo TIg TPOTUoIS &TL &4V OGL S0 dplopuoi
dedopévol kal an’ adTdV Aealped®daot TveC ioot Kol TV KATOAEMOUEVOVY O AOYOG 001,
dobncovtal kai amtol MV O Adyog Sédotar kai Aotmoi Snhadm oi icot. Eotw &mi TV
TPOKEWEVDV APLOU@dY, Tod Te § ¥ Kail Tod { kai ToD @V € mpdg Té B Adyov, 1O TovToV
gpodedoa d1dt TG TV dpavteinv apOpdv dymyiic.?

£0T0 O APOIPOVUEVOS G’ EKATEPOL TOD TE 8 Y Kol ToD { S O. Kol & pev amd pl 8y
apopedi], Aowrai p° 8 v Agimovoor S @, £av 8¢ ¢md u° T, houtod u° ¢ Asimovoon® S .
denoet Bipa u° & y° Aeimovoat S o2 mpdc u°  Aewmovoog S & Adyov Exetv dv € mpdg 6.
GG T8 E TV B Aeimovot TETpacty Eontdv TépnTols. HGote™ kai u° § ' Aewmovooig S &
Aeimovot u® I S« TéTpOsV EAVTOV TEUTTOLC. £av dpa u® &y A S & mpocOdpey &
ovTdv mépmto, éovtat icon u® T S & A u° 8§ 7' A S & mpochoPodcor o 8§ Eavtdy

18 27ei] émi V.

1% 1poc] bis V.

58] ante 4 add. tov V.
18 S1eAovTy] diihov b1 V.
' KEA] KEO V.

18 yrepoym TuyxGvovsa] vepoyiic TV 8 THig Tod Adyou vmepoyiic V.

¥ omv] 8 V.

2 rfic 1oV dropavieiov apBudv dyoyiic] T TdV Stopavtinv apoumTikic dyoyic V.
2 \gimovoar] scripsimus: Asutovoag V: A B.

22 Sefost Gpa u° & v Aeimovoon S @] om. V | Asimovoar] scripsimus: A B.

2 Hote] bvie V.
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néumto yivetol pul meviekaudékoto Hovadog Asimovoot B méumto aplopod ToVTECTIV K{
TeEVTEKOOEKOTA G EENG dei&opev.

ovédog dpa pl’ A k' ap1pod ico? oti u° { A S T TOVTECTL PE MEVTEKONSEKATOLG
1ovad0oc™ A (€ meviekoudexkdtolg aptopod.

Ko Tpookeichm | A tdv uBE Tod apBpod: povadoc dpa Pl kol apOpod e ioa
0Tl povadog pe'® kai aptOpod k('€ . dmd dpoiov Spota. Aowmdv Epa povadog 1B ioa
goTiv apOpod B . kail TavTa TEVIEKUSEKAKIS. O Gpo ap1OpdC Eoton u® pudc.

&Ml TG VIOGTAGELS. ETAN TOV Eval TOV TOV dedopévov Adyov €xdviav u® § v A S .
gotan pu® y y'. 1ov 8¢ Aowmov u° I S . Eotan u° ¢. koi Aomdg SnhovoTl EKGTEPOC TV
fowv 0 dpatpoduevoc e’ ékatépov Eotar Thg ToD ap1Opod u° a.

81188 u° 8 ' A S @ mpochaoioon Eavtdv Ti Técc0pa TENTTO YiveTar pLi't povadog
Aeimovoa® k('€ apOpod obtm yiveton Sfidov.

gmel yap TV 8 7' 10 € yivetan EEnkootdv VB, Td 8pa 87" EoTan BT £ENKOGTAV TOLTESTL
VB gioi 8¢ kai of povadec 8 v €', ai dpa & v’ mpociafodoat EavTdV T S €
ouvéyovotv i, Eott 8¢ kai ) A 10D GPOpod petd TV S & E0nTod TotdY Aty B
mépmTa apdpod: Tovtéoty k(€. dote u® 8 y° A S @ nposiafodoar’® Eavtdv & &
yivovtar ptl* povadog Aeimovoon k('€ ap1dpod.?
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11.2 The translation

So, first let it be to demonstrate obtaining the stated values with the calculations from the
geometrical methods.

For, since from the observations angle®® AEK was determined to be 4 ' degrees, of
such <degrees> that the 4 right angles are 360, while angle BEE is 7 of the same,
therefore angle BEE is greater than angle AEK. Hence, EE is not in a straight [line] with
EK. So, let EO be extended in a straight [line] with EZ. Therefore, angle BEZ is greater
than angle AEK by angle KEO. Accordingly, of such <degrees> that angle KEA is 4 5,
angle KEO is 2 % of the same. For thus much was the excess from the observations.

Again, since the ratio of angle I'EK to angle AEZ is 5 to 9 — as has been clear from the
table of anomaly — and angle AEZ is equal to angle T'EO, then, the ratio of angle I'EK to
angle I'EO is 5 to 9. And invertendo; and separando; the ratio of angle OEK to angle
KET is 4 to 5. And so, of such <parts> that angle KET is 5, angle KEO is 4 of the same.
So, since of such <parts> that angle TEO is 9, angle TEK is 5 of the same, while angle
KEO is 4, therefore, of such <degrees> that angle KEO, the excess from the observations,
is 2 %4, while from the observation angle KEA is 4 %, angle TEK is 3 % of the same,
while angle TEO, that is angle AEE, is 6 degrees. Therefore, the angles I'EK, AEE, the
ratio of which was given, are given in magnitude.

Or in this manner: Since angle KEO, being, on the one hand, the excess from the
observations, is 2 % degrees, and being, on the other hand, the excess between the values
<of the terms> of the ratio, is 4 units, and <since> of such <parts> that angle OEK is 4,
angle KET is 5 of the same, therefore, of such <degrees> that angle OEK is 2 %4, angle
KET is 3 ¥ of the same. And since it is as the 4 to the 5 so the 2 % to the 3 14, and
alternando and invertendo, whatever part of the 4, of the excess <between the terms> of
the ratio, is the 2 %, of the excess of the values, the same part will also be the 3 ¥ of the
5. In like manner, whatever part of the 4 is the 2 %3, the same <part> will be the 6 of the 9.

For this reason he says: if, as much the excess of the whole values is of the excess of
the ratios, that much we take of each of the ratios, we shall have the value connected with
the corresponding ratio.

And since from the aforesaid a proposition like the following is deduced: if two
numbers are given, and some equal <numbers> are removed from them, and the ratio of
the remainders is given, those, the ratio of which was given, will also be given, and the
others, that is, the equal ones, <will be given too>, <so> let in the case of the proposed
numbers, the 4 5 and the 7, and the ratio 5 to 9, work out this methodically by the
process of the Diophantine numbers.

%0 The text has “the by AEK”, meaning, “the <angle contained> by AE, EK”. This is the standard expression
for angles in Greek geometry. For clarity’s sake we have adopted in our translation the familiar formula “the
angle AEK”.
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Let the subtracted from each of the two, the 4 %5 and the 7, <be set> 1 arithmos. Now,
if subtracted from 4 ' units the remaining will be 4 ' units wanting 1 arithmos. And if
from 7 units the remaining will be 7 units wanting 1 arithmos. Therefore, 4 %5 units
wanting 1 arithmos must have to 7 units wanting 1 arithmos the ratio that 5 has to 9. But
the 5 fall short of the 9 by 4 fifths of themselves. Therefore 4 %5 units wanting 1 arithmos,
likewise, fall short of 7 units wanting 1 arithmos by four fifths of themselves. If therefore
we add to 4 5 units wanting 1 arithmos 4 fifths of themselves they will be equal to 7
units wanting 1 arithmos. But 4 % units wanting 1 arithmos when receiving the 4 fifths of
themselves become 117 fifteenths of unit wanting 9 fifths of arithmos, that is to say 27
fifteenths, as we will show later.

Therefore, 117 15" of unit wanting 27 15" of arithmos are equal to 7 units wanting 1
arithmos; that is to say 105 fifteenths of unit wanting 15 fifteenths of arithmos.

Let the wanting 42 15™ of arithmos be added in common: consequently, 117 15" of
unit and 15 15" of arithmos are equal to 105 15™ of unit and 27 15" of arithmos. And
<we remove> like from like; it remains therefore that 12 15" of unit are equal to 12 15t
of arithmos. And all fifteen times. Therefore, the arithmos will be 1 unit.

To the numerical values: | have set the one of those having the given ratio 4 % units
wanting 1 arithmos; it will be 3 %5 units. And the other, 7 units wanting 1 arithmos; it will
be 6 units. And the rest, that is to say each of the equal ones, which is the subtracted from
each <of the two>, will be the 1 unit of the arithmos.

Now, the fact that 4 5 units wanting 1 arithmos receiving the four fifths of themselves
become 117 15™ of unit wanting 27 fifteenths of arithmos, is made manifest in this
manner: For, since the 5" of the 4 4 becomes 52 sixtieths, then the 4 5™ will be 208
sixtieths, that is 52 15™; the 4 ' units, on the other hand, are 65 15™. Therefore, the 4 ¥
<units>, when receiving the 4 5 of themselves, sum up 117 15" There is also the
wanting <part> of the arithmos together with the 4 5™ of itself, which makes 9 fifths of
arithmos wanting, that is to say, 27 15" <of arithmos>. Therefore, 4 ¥4 units wanting 1
arithmos, when receiving 4 5™ of themselves, become 117 15™ of unit falling short by 27
15™ of arithmos.

I11. Comments and remarks
111.1 Comments on the content

In the above published text Theon solves the mensuration problem that Ptolemy discusses
in the third chapter of Book XIII of the Almagest, bearing on the latitudinal motions of
planets. The fragment we published belongs to the commentary on section 538.17-540.18
of Ptolemy’s text (in Heiberg’s edition), treating specifically the latitudinal motion of
Mars.
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For his commentary Theon uses Ptolemy’s diagram without entering into its setting-
out, already done by Ptolemy (537.15-538.16). In our reproduction of the diagram we
have added the line EO on the authority of Theon’s text and of the diagram of the
Byzantine recension (Vat. gr. 198, f. 306r).** So, let the plane of the diagram represent a
plane orthogonal to the plane of the ecliptic, let AB be the intersection of this plane with
the plane of the ecliptic, and I'A be the intersection of the same plane with the plane of
the deferent circle. Let E be the centre of the ecliptic, where the observer is, and T and A
the apogee and the perigee, respectively, of the deferent. Let on the orthogonal plane,
about T" and A, the equal circles ZHOK and AMNE be drawn, representing the circles
through the poles of the epicycles. On these circles let the planes of the epicycles be
drawn on lines HI'K and MAZ respectively. Finally, let the straight lines EH and EM,
which join E with the apogees of the epicycles, and the straight lines EK and EZ, which
join E with the perigees of the epicycles, be drawn.

For the study of the latitudinal motion of Mars one has to find the inclination with
respect to the ecliptic (called &yxhoig) of various circles. More specifically, one has to
determine the equal angles AEI" and BEA, which describe the inclination of the deferent,
and the angles HI'Z and MAA (represented by the arcs ®K and NEZ), which describe the
inclination of the epicycle. Taking into account the observational data, the problem of
finding the inclination of the deferent is reduced, by a simple geometrical argument, to
the problem of finding the two angles TEK and AEZ. Thus, from a purely geometrical
viewpoint the problem that Ptolemy sets for solution with regard to the determination of
the inclination of the deferent is to find the values of the angles I'EK and AEZ, when we
know:

(1) their ratio (namely £ 'EK : 4 AEZ ::5:9);

(2) that £ TEK = 4 AEK — £ AEI" and 4 AEE = 4 BEE — 4 BEA, where 4 AET = 4

BEA;

(3) the values of 2 AEK and £ BEZ (namely 4 AEK =4 '4° and 4 BEZ = 7°).

Ptolemy solves this problem, and refers to an “arithmetical lemma” by means of which
the solution can be “demonstrated” (deikvuton): “If, as much the excess of the whole
values [i.e. the values of 4 AEK and 4 BEE] is of the excess of the ratios [i.e. 5 and 9]
that much we take of each of the ratios, we shall have the value connected with the
corresponding ratio. This can be demonstrated by means of an arithmetical lemma”
(540.3-7).% So, since 7—4 ¥4 =2 %, and 9 — 5 = 4, and since 2 % is two-thirds of 4, if we

31 The role of the line EO is to show that the three points Z, E, K are not lying on the same line. The diagram
follows closely Theon’s text, in which we read the phrase 0w odv én’ eveiog Tij EZ 1) EO (see lines 4-5
of the text).

%2 In his English translation of the Almagest G. J. Toomer discusses this passage and suggests a reconstruction
for the lemma and its proof: “Given two magnitudes A and B, and the ratio | : m of two other magnitudes, C,
D such that A=x + C, B =x + D, the lemma states that



50 J. Christianidis, 1. Skoura SCIAMVS 14

take the two-thirds of 5 and 9 we will get, respectively, the values of the sought-after
angles, namely £ TEK = 3 %° and 4 AEE = 6°. This is the solution, and through the
values thus found Ptolemy can determine the inclination sought-for (ie. the angles AET
and BEA), which is 1°.

Commenting upon this passage Theon proposes two ways by which the algorithm
stated by Ptolemy could be “demonstrated”; in fact, he proposes two solutions to the
problem. The first solution is described as a solution by émidoyiopol ék TV ypappuiK®dY
€podwv (calculations from the geometrical methods). The description is concise, yet the
meaning is clear: émloylopog ék t@v ypouukdv €poddwv is a method for solving
mensuration problems, in which one makes the appropriate calculations by following
closely — one might say, exaggerating a bit, step by step — a geometrical working out, be
it a demonstration, a mere argument, or an &podoc in the broad sense of the term.
Concerning the second solution, it is described by Theon as a solution “by the process of
the Diophantine numbers”;® this is nothing but an algebraic solution.**

€«

a) The solution by “émidoyiouog &k TV ypouuKdv époowv”

Since £ AEK # 4 BEZ, and AE, EB are in the same line, therefore EE and EK are not in
the same line. Let EE be produced to EO. So, 4 BEE = 4 AEK + £ KEO. (Indeed, £
BEZ = 4 AEO and 4 AEO = 4 AEK + £ KEO.)

Now, since 4 BEE = 7° and 4 AEK = 4 4°, by subtraction 5 KEO = 2 %5°.

From the data we have 4 TEK : £ AEE :: 5: 9, while £ AEE = £ TEO. Therefore
4 TEK : 4 TEO :: 5: 9. Invertendo we will have £ TEO : £ TEK :: 9 : 5. And separando,
(ATEO—-4TEK):4TEK:: (9-5):5,i.e. 4 OEK: 4 'EK :: 4:5; therefore, the angle
I'EK is 3 '4°, while the angle T'EO, and accordingly, the AEZ, is 6°.

In the last part of this first solution Theon presents a verification that the values found
for the sought-after angles do satisfy the conditions of the lemma stated by Ptolemy: since
the difference between the whole angles, that is the angle OEK, is 2 %4°, the value 3 ¥4° of
the angle TEK does satisfy the proportion 4 OEK : 4 I'EK :: 4 : 5. On the other hand,
since 4 :5::2 % : 3 14, after alternando and invertendo we find 2% :4 :: 3% :5,0r2 %

. D D-C
Proof: Since = ?

,—=—_l. ButD—C=B—A.ThereforeC=IXE,D=Cxﬂ=mxﬂ. (Toomer
C l m—l1 l m-—l

1998, 604 n. 26)

% |n contrast with Vat. gr. 1594, Vat. gr. 180, Vat. gr. 184, and the manuscripts carrying the Byzantine
recension (Vat. gr. 198 and Marc. gr. 310), which have the reading dix tfjg t®v dopavieiov aplOpdv dywyfig,
Vat. gr. 1087 has instead the reading 8¢ tiig tdv dopavtiov dpBuntikiic dywytig (see line 29 of the text).
This reading of Vat. gr. 1087 does not make sense. The reading apipntikiic dywyiig appears also in the
marginal annotation on f. 145v, accompanying the tabular set-up of the solution. But this time the words tav
doeavtiov preceding it have been replaced by the words tod Awgdvtov.

% See below, footnote 36.
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4:3%:5:2%+3%):9.Thus, 2% :4:6:9, and therefore the value of the angle
AEE, which has been found 6°, is the same part of 9 as the value 2 % (of the angle OEK)
is of the number 4 (the difference of the terms of the ratio 5 : 9).

As said, the method by which this solution is conducted is an émloyiouog €k t@dv
ypopk®dv €podwv, that is, a sequence of arithmetical calculations modeled on a
geometrical reasoning. This method was amply used in Antiquity in solving mensuration
problems, as witnessed in the works of Heron of Alexandria, Ptolemy, and Theon
himself. There are several applications of the method in those works, which, despite the
stylistic variations, are similar to the one we see in the present text. A very lucid
description of this method is made in the following excerpt from Theon’s commentary on
the sixth book of the Almagest: “And it is clear that if we prefer to obtain them (i.e. the
‘directions’, mpoovevoelg) accurately, we calculate them by following faithfully the
approaches set forth previously, by the geometrical demonstrations”.* This description
makes clear something which, in our text, is only implied by the genitive éx t@dv
ypopuk®dv €podwv (from the geometrical methods), namely the verbal expression
katokoAovbodvreg (following faithfully, following step by step). An énihoyiopog, in this
context, is a sequence of calculations which katakoiovbei the development of a
geometrical reasoning (be it a proof in the strict sense of the term, or a mere argument, a
working out, or an approach).

b) The solution by the “process of the Diophantine numbers”

The “process of the Diophantine numbers” is, of course, the method that Diophantus
teaches and practices in his Arithmetica. It is a method of problem solving that entails (a)
naming the unknown(s), the finding of which the enunciation of the problem stipulates,
(b) working through the operations stated in the enunciation, (c,) setting up an equation as
the outcome of the two aforesaid processes, (c,) manipulating and solving of the equation,
and, finally, (d) answering the problem by means of the solution to the equation. Since
the time of medieval Islam, this method of problem solving is called algebraic.*® We will
see now that the same method is used by Theon in the second solution to the problem we
are discussing.

% iiov 8¢ 811 Kby GKpPdS adTic Tpoapduedo AauPavery, EmAoyIo0UEDo DTG KUTOKOAOVOODVTES TOIg d18t
TOV ypoppuk®dv deikewv mpoektebeipévorg Nuiv épodoic. See Laur. Plut. 28.18 (f. 258v).

% It should be stressed at this point that a clear distinction should be made between premodern and modern
(post-Vietan) algebra. The word “algebra” when used in contexts like the one we discuss here has always to
be understood with its premodern meaning, that is, as a method of problem solving, a method, however,
which follows the above structure, and is paired with a conceptual background with regard to the key notions
of polynomial and equation which differ profoundly from ours. For a recent discussion of all these matters
see (Christianidis and Oaks, 2013).



52 J. Christianidis, 1. Skoura SCIAMVS 14

For the sake of simplicity, instead of using three letters for representing the angles we
will use in our discussion the one letter representation. Thus, in the followings, the letters
a and g stand respectively for the sought-after angles TEK and AEE, and the letter ¢ for
the also unknown equal angles AET" and BEA. In addition, the following notation will be
used®”: x will be used to represent the word pOpog when it appears in the text with the
technical meaning of a name assigned to an unnamed sought-after term; the double arrow
“3” will be used to indicate a prescription stated in the enunciation; and the single arrow
“—” to indicate the outcome of an operation. Finally, the sign “:=” will be used to
indicate the action of assigning a name to an unnamed term, while we reserve the sign
“=" only for stating equations.

Now, with the agreed conventions for the symbolism, the enunciation of the problem
can be stated as follows: To find three angles «, #, and ¢, such that, o : 3 5:9,0 3 4 %
— ¢, B 37— ¢. But this problem is similar to Diophantus’ problem 1.9, the enunciation of
which asks “From two given numbers to subtract the same number so as to make the
remainders have to one another a given ratio” (Tannery 1893-95, i, 26.13-15). The
difference between the two problems, besides the numerical values of the data, is the
context within which they are formulated. The Diophantine problem is arithmetical, the
Theonine is an astronomically motivated problem of mensuration. But the difference in
the context does not prevent Theon from recognizing that the same method of solution
can be applied in both cases. This is not at all unexpected since the scope of algebra is by
no means restricted to ‘pure’ arithmetical problems. Medieval algebraists were
accustomed in solving problems of mensuration by algebra. This is the case with the
present Theonine solution.

The solution is summarized in the following tables:

1. Set up of the equation

To find three angles «, 5, and ¢, such that, o : £ 35:9, a3 4% —p, 37— 0.

Assignment

Operations with named terms Equation
of names

o= 1x

45— 1x— 44— 1x®8

7T—1Ix—7-1x

%7 This notation was proposed in (Bernard and Christianidis, 2012; Christianidis and Oaks, 2013).

%8 The left part in this expression indicates the operation of subtraction announced with the verb apoipedij in
line 31 of the text. The sign “—” (elongated —) in the left part indicates the subtraction which is to be
performed. The short “—” in the right part does not indicate subtraction; it stands for the term Agimovoat
(wanting) appearing in the same line 31, and it is used to link the ‘present’ term 4 5 and the ‘lacking’ term 1X
in the expression 4 %5 — 1x, which describes the result of the subtraction. For more on this subtle difference
see (Christianidis and Oaks, 2013).
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A%-1)+Zx (@4 %-10=7-1x

117 9

(A%—1)+2x (4% —1x) = =2 -

15 5
[The working-out of this complex
operation is postponed for the end]

9 27
— 2

5 15

117 27

=7-1x
15 15

2. Manipulation of the equation

Initial equation

Simplification

Simplified equation and solution

117

7 2y =7 1x

15 15

add the wanting in common

117 _ 105 + 12
15 15 15

remove like from like 12_12
15 15

all 15 times <12 = 12x>
x=1

3. Answer to the problem and proof

a Was set as 4 5 — 1x, therefore its value is 3 %; £ was set as 7 — 1x, therefore its value is
6. And it is manifest that 1, i.e. the difference between 4 %5 and 3 ', as well as the
difference between 7 and 6, is the value of ¢.

4. The last part of the text explains in every detail how the operations (multiplication and
addition) involved in the expression (4 ¥4 — 1x) + % x (4 % — 1x) are to be conducted so as
to get 45 — %x. This part is carried out entirely within what Diophantus calls, in the
introduction to the Arithmetica, “the arithmetical theory”. The calculations involved have
nothing to do with the prescriptions stated in the enunciation of the problem; they are
pure algebraic calculations.

111.2 Historiographical comments

In the preceding pages we published a fragment from Theon’s commentary on chapter
XI11.3 of the Almagest, in which Ptolemy discusses a mensuration problem emanating
from the study of the latitudinal motion of Mars, and we discussed the two solutions that
Theon provides to it. Our main testimonies for the fragment are, first and foremost, the
codex Vat. gr. 1087, which contains the running text of Theon’s thirteenth book, and the
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marginal note in the Almagest found in Vat. gr. 1594, among other manuscripts. That
Theon is the author of the fragment cannot be disputed, taking into account its inclusion
in the main text of Theon’s commentary in Vat. gr. 1087, a manuscript which,
incidentally, does not contain the Almagest.

What is particularly interesting in Theon’s text, and deserves to be commented upon,
is the phrase 41 tfig TV dopavieiov apOudv dywyic by which Theon refers to the
second solution. What might the expression “Diophantine numbers” mean? And what
might designating something as the “process of the Diophantine numbers” as
distinguished from other problem-solving techniques signify? We will conclude this
article with some thoughts on these questions.

It is well known that in the introduction to the Arithmetica Diophantus makes a clear
distinction between two series of terms, both referring to numbers. The first comprises
words of everyday language, namely the words ‘square’, ‘cube’, and simple ‘number’.
These words function in Diophantus’ text as common nouns, and they are used in the
enunciations of the problems. As he himself says, it is “from the addition, subtraction or
multiplication of these numbers [that is, the numbers considered from the point of view of
their qualification as ‘squares’, ‘cubes’ or simply ‘numbers’] or from the ratios which
they bear to one another or to their own sides respectively that most arithmetical
problems are formed” (Tannery 1893-95, i, 4.7-10, our emphasis). Obviously, the
Theonine expression “Diophantine numbers” cannot refer to the numbers of this series.
There is nothing specifically “Diophantine” in them. The other series is composed of the
numbers of the “arithmetical theory” (dpiBuntikn Oswpia), i.e. the unknown, its powers,
and its reciprocal powers. These numbers have specific technical designations (ép19udg,
dovaug, kvpoc, duvapodvvaug ...), they are never used in the enunciations, they are only
used in the solutions, and they function as proper names assigned to the unnamed
numbers denoted by the terms of the first series. Briefly put, they are the numbers
through which the solutions to the problems are conducted, according to Diophantus’
method of solution. In a sense, the whole issue in a Diophantine solution to a problem
could be stated as a game of transition from the first set of terms to the second. Indeed, in
a Diophantine solution, the problem stated in the common language is gradually
‘translated’ into the technical language of the ‘arithmetical theory’, thus being gradually
converted to an equation, entirely framed in the technical language. Hence, there is little
doubt that with the expression “Diophantine numbers” Theon refers to the technical terms
that constitute the ‘building blocks’ of the solution according to Diophantus’ method.
“Diophantine numbers” cannot be but the numbers of the ‘arithmetical theory’.*

But what does the designation “Diophantine” mean for these numbers? It is well
attested that, besides Diophantus, some of the terms occur in other authors as well. For
instance, the word dvvapoddvapug occurs in the Metrica of Heron of Alexandria (Schone

* Diophantus’ method of solution is discussed in depth in (Christianidis 2007; Bernard and Christianidis
2012; Christianidis and Oaks, 2013).
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1903, 48.11;19;21), though not with the technical meaning of the name assigned to an
unnamed sought-after number produced by a square multiplied by itself, with which this
term occurs in Diophantus.*® On account of this, our answer to the above question is that
it was not Diophantus who introduced these terms; at least not all of them. Most likely,
Diophantus was the first, or among the first, to use them with the technical meaning they
bear in a solution according to the method he was practicing, i.e. the method of algebra.

The characterization “Diophantine numbers” is not the only interesting point in
Theon’s phrase introducing the second solution. Even more important for the early
history of algebra is the phrase S ti|g tdv dogavieiov apOudv dywyig used by Theon
to describe the second solution. For, the expression “the process of the Diophantine
numbers”* could not be used unless it was intended to indicate a concrete, unique way of
problem-solving, a way that Theon recognized as distinguished from other methods
practiced in his time. We therefore understand that, in the period following Diophantus’
death, algebra had already become an acknowledged method of problem solving, with its
own identity, and, presumably, with its teachers and practitioners. Our tentative guess is
that this method was diffused through the world of late antiquity, before it was
appropriated in a new cultural environment, the Islamic world, within which it greatly
flourished.

Acknowledgement: The authors thank Jeffrey Oaks, who kindly read this paper and
suggested improvements, and Costas Dimitracopoulos who checked the language. They
are also grateful to the anonymous referee for his insightful remarks and corrections.

2 In Diophantus dvvapodovayug is the name assigned, as we would say today, to the fourth power of an
unknown number; it names its numerical value as long as the latter is unmanifest (&3niog, Tannery 1893-95,
i, 78.19). Heron, by contrast, uses this term for the fourth power of a known quantity (cf. the phrase ot
d00gioon N amod BT duvapoddvapug, ibid. 48.21-22).

1 We translate the Greek word dywyf by “process” following Tannery, who writes in his “Index Graecitatis
apud Diophantum”: “dywyn|, processus (ad solutionem problematum)” (Tannery 1893-95, ii, 261).
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Sources

1. Manuscripts
1.1 Manuscripts used for the edition of the text and their sigla:

V: Vaticanus gr. 1087 (end 13"/14™ century; in particular the portion used for the

edition of Theon’s fragment is dated to the end of 13" century)

B: Vaticanus gr. 1594 (late third quarter of 9" century)
1.2 Other manuscripts consulted and mentioned in the article: Laurentianus Plut. gr.
28.18 (early 9™ century), Vaticanus gr. 180 (second half of 10" century), Parisinus gr.
2396 (end of 13" century), Vaticanus gr. 184 (13" century), Vaticanus gr. 198 (middle of
14" century), Marcianus gr. 310 (second half of 14" century).

2. Printed books

Claudii Ptolemaei Magnae Constructionis id est Perfectae caelestium motuum
pertractationis lib. XI1I. Theonis Alexandrini in eosdem commentariorum lib. XI.
Basileae, Apud Joannem Vvalderum, 1538.
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