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Abstract

The Sarvasiddhantaraja (1639) of Nityananda is a monumental treatise that provides a
comprehensive treatment of various aspects of astronomy. Since trigonometry was vital
for professional astronomers, Nityananda gives a systematic and detailed account of this
topic in over sixty-five verses in one of the early chapters in this treatise. As is the
case with much of the Sarvasiddhantaraja, Nityananda introduces certain novel features
which are not found in prior treatments, some of which are his own insights, others of
which were inspired by Arabic sources. We present a critically edited text of part of
the trigonometry section of this treatise on the basis of six manuscripts, as well as a

translation, and a commentary of the technical content.

I Introduction

The Sarvasiddhantaraja (“King of all siddhantas”) is a monumental Sanskrit astro-
nomical treatise that provides insight into the trends and practice of seventeenth
century astronomy in the Indian subcontinent. Composed in 1639 by Nityananda,
astronomer at the Mughal court of Shah Jahan in Delhi, the Sarvasiddhantaraja is
prodigious in both length and scope and contains verses covering topics in astronomy
from calendrics to instrumentation in twelve chapters (a brief overview of the top-
ics can been seen in Table 1). Preliminary investigations of the work have revealed
that Nityananda infused his traditional siddhanta with some Islamic concepts and
parameters. His familiarity with this tradition of astronomy no doubt stemmed from
the translation of a massive set of astronomical tables of Ulugh Beg from Arabic,
via the Persian intermediary, the Zij-i Shah Jahani which he completed almost a
decade earlier. Given this influence on Nityananda, the Sarvasiddhantaraje remains
one of the most important sources in which to trace the introduction of the Arabic
astronomical and mathematical sciences into the Sanskrit siddhantic tradition in the
seventeenth century.

One topic which is emblematic of this introduction is trigonometry. Nityananda’s
exposition on this appears early on in the work, as is typical with most siddhantas. He
devotes sixty-seven verses (I 3, 19-85) to trigonometry near the beginning of chapter
three which concerns the determination of the true positions of the planets. It is thus
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Part Names of the different chapters
I ganita | 1. mimamsa (Philosophical Rationales)
2. madhyama (Mean Positions)
3. spasta (True Positions)
4. triprasna (Three Questions: Direction,

Place, Time)

5. candragrahana (Lunar Eclipses)
. suryagrahana (Solar Eclipses)
7. §rngonnati (Elevation of the Lunar
Cusps)
8. bhagrahayuti (Conjunction of the Stars and
Planets)
9. bhagrahanam unnatamsah (Altitudes, in Degrees, of the

Stars and Planets)

IT gola | 1. bhuvanakosa (Cosmography)
2. golabandha (Armillary Sphere)
3. yantra (Astronomical Instruments)

Table 1: The contents of the Sarvasiddhantaraja.

one of the rare texts that presents an extended discussion on trigonometry. Since
the Sarvasiddhantaraja is primarily an astronomical treatise, Nityananda could have
skimmed over the topic, and simply presented a table of sines. However, he has chosen
to deal with it in a very systematic and detailed manner. This is perhaps because of
Nityananda’s conviction that a clear understanding of the theoretical framework is
important not only as a practitioner of science, but also to establish himself as a true
scholar, a sentiment he himself conveys at the outset (Sarvasiddhantaraja 3, 19):

AT TUThRA U ST & SAFF9afe |
AarsfenT=d Jedl o A9 AersTer arsetd Jrezn sty 11 9] ||

acaryavarya ganakas ta eva jananti ye jyanayanopapattim |

tato ’dhigantum padavim ca tesam mahajado vanchati madrso ’pi ||19]]

Oh revered teachers! Only those are considered mathematicians who know the rationale
behind the computation of Sines. Therefore, [by venturing to explain that,] even a dullard

like me wishes to accomplish their status.

In a recent paper (Montelle, Ramasubramanian, and Dhammaloka 2016) we ex-
amined the first part of this exposition (verses 19-59), in which Nityananda, over
the course of five “sections” (prakara), provides rules and relations for determining
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the Sines, Cosines, and Versines of various arcs, the double and half-angle formulae,
as well as the Sines of sums and differences (see Table 2).1 With these rules, one can
produce Sine values of smaller arcs including an arc of 3° but not 1°.2

Verses Contents
19-23 Preamble and definitions

24-30 | Section 1 | The Sines of ninety, thirty, eighteen degrees
31-36 | Section 2 | The Sine of half the arc

37-40 | Section 3 | The Sine of double the arc

41-48 | Section 4 | The Sine of the sum of two arcs

49-54 | Section 5 | The Sine of the difference of two arcs

55-59 Demonstration of equivalences

by geometrical construction ($ilpa)

Table 2: The structure and contents of the first five sections on trigonometry.

Nityananda continues with a sixth section (verses 60-85) focused on determining
the Sine of 1°. He alludes to this in the preamble (Sarvasiddhantaraja 3, 23):

YT SATAIIYT: TSRO aTed |
Br=izrerenty uRegert Brersgewraift adr @t 1123 1

athocyate jyanayanopapattih panicaprakarair ganitasya tavat |

tritryamsakotthani parisphutani trimsajjyakardhani yato bhavanti || 23 ||

Now, the rationale behind the computation of Sines is indeed described through five
sections. Since there are only 30 Sines (¢ritryamsa), accurate values [of Sines of any

angle] are obtained from [the Sine] of one third of three degrees (i.e., Sin 1°).

Finding the Sine of 1° was of great importance to Nityananda as he includes a table
of Sines whose argument ranges from 1° to 90° (see, for instance, the table included
in one of the manuscripts of the Sarvasiddhantaraja, in Appendix IV, Figure 9).
In addition to this, his table-text work, the Siddhantasindhu, contains the values
of Sines down to single minutes of arc! Clearly there was some technique at Nitya-
nanda’s disposal for computing the Sine of 1° (and from that the Sine of 0; 01°, which

L To reflect the difference between the modern sine, with Radius equal to one, and the Indian
trigonometric equivalents with non-unity Radii, we represent the latter with a capitalised letter,
i.e., Sin and Cos, such that Rsin @ = Sin 6. Here Nityananda uses R = 60.

2 This can be achieved simply by using a combination of the half-angle relation, and the sines of
sums or differences. For instance, from the sine of 72°, one can determine 36°, then 18° then 9°,
then 4.5°. Similarly, from the sine of 30°, one can determine 15°, then 7.5°. Taking the difference of

the sines of 7.5° and 3.5° produces the sine of 3° exactly.
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we discuss below), which he could use to compute all the other values. Various Sine
tables, as they appear in manuscripts, are given in Appendix IV.

It is a well known fact that the Sine of 1° can not be determined geometrically.
Hence, Nityananda presents an algorithm which is derived from a rearrangement
of the multiple-angle formula—a computation which effectively reduces determin-
ing the Sine of 1° to solving a cubic equation. Nityananda does not stop at simply
presenting the algorithm. Besides giving three approaches to the solving the cubic,
he also provides a detailed justification of the algorithm, introducing this account
as an upapatti (demonstration), and sets out a geometrical diagram as well as de-
tailed algebraic reasoning. In addition, he includes a “worked example” (udaharana)
with a quasi-symbolic style of reasoning to derive the formula. He concludes the
discussion with a very short account of how to determine the Sine of 1;01°, which is,
to our knowledge, a previously undocumented technique in Sanskrit sources. This
multifaceted approach to the determination of the Sine of 1° gives rich insight into
the modes of reasoning, clever geometrical manipulation, nascent symbolic styles
of algebra, inventive approximation techniques, and diagrammatic analysis, which
Nityananda had at his command.

The techniques that Nityananda presents clearly indicate connections to earlier
expositions which deal with determining the Sine of 1°. The earliest of these that we
know of is an Arabic work ascribed to the Iranian astronomer al-Kashi (ca. 1380—
1429), although the only sources we have describing his insights appear to have
been composed after his death in a treatise entitled Risala fi stikhraj jayb daraja
wahida (“Treatise on the Determination of the Sine of One Degree”), which has been
edited and translated by Rosenfeld and Hogendijk (2003). This treatise contains
the description of two geometrical theorems which underscore the cubic equation
(pp. 33-39), and then two (equivalent) worked methods for finding the Sine of 1°,
one by the unnamed author of the treatise (pp. 39-43), and the other associated with
al-Kashi (pp. 43-50). The former essentially works through the iterative procedure
using Chords, and the latter, using Sines.

The second text of relevance is one written in Sanskrit prose which contains a
compilation of procedures, and can be traced back to Islamic astronomer Ulug Beg
(1394-1449). This currently unpublished text, known as the Jyacapa-utpatti (SRCMI
269.1.13.i.3),® includes several variants of the iterative techniques for finding the Sine
of 1°, at least two of which are attributed directly to Ulug Beg.

Though the common threads through all of these texts point to the transmission
of techniques and procedures from the Arabic through to the Sanskrit sources, there
are key distinctions between the expositions. A careful comparison of the individual
methods between all three treatises must be made in order to understand exactly the

extent of transmission, transformation, and innovation in the later texts. The current

3 This text is currently under preparation by Montelle, Plofker, and Van Brummelen.
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study offers a critically edited text (see section IT) based on six available manuscripts,
a literal English translation, and a technical analysis of the contents. By presenting
a thorough exposition of the work of Nityananda, this paper will provide a basis
from which to better understand the transmission of these techniques from Islamic
sources to Sanskrit texts.

IT Critical Edition of the Verses

II.1 A Description of the Sources and Conventions Adopted

The six manuscripts of the Sarvasiddhantaraja® that were used to produce the critical
edition are listed in Table 3:

Siglum | Description

Sarasvati Bhavan Library, Benares, 35741

Sarasvati Bhavan Library, Benares, 37079

Bhandarakar Oriental Research Institute 206 of A, 1883-1884
National Archives Nepal, Kathmandu, Microfilm Reel No. B %
Rajasthan Oriental Research Institute (Alwar) 2619

Wellcome Ms Y550

SRR

Table 3: Manuscripts of the Sarvasiddhantaraje and their sigla.

In preparing our critical edition, we have adopted the following conventions:

e Common orthographical variants have been emended silently and have not been
recorded in the critical apparatus. These include misplaced dandas, omitted wvis-
arga, virama, or avagraha, anusvara for a conjoined nasal, doubled consonants
such as acaryya or arddha, frequent confusion over 7na and da, tha and ta, and
va in place of ba.

e We have not critically edited the diagrams, leaving that to a future dedicated
study. We do however reproduce them in our technical analysis.

e All manuscripts had trivial variants in the numeration of verses. We have not
recorded them.

e In the udaharana section, the scribes have represented the equations as per the
convenience of the space available to insert the equation. Sometimes they have
even broken a single word to insert an equation (For example: RORI f.14r,
“san—dhi” line -1). Such layout discrepancies have been ignored by us when
noting variants in the apparatus criticus.

e The small dot which is used above the number to represent that the coefficient is

* Many more copies exist: see Pingree (1970-1994, A3 1734, A4 141, A5 184) which lists 16.
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negative is found to be missing in some of the manuscripts in certain instances.
We have not noted these in the apparatus, due to their frequency.

While representing the algebraic equations, some of the manuscripts, for in-
stance By, leave out terms in the denominator. This also has not been noted
by us in the apparatus criticus.

While representing the quantity that appears in the denominator, some
manuscripts place it in the center, sometimes to the left, and sometimes to
the right. We have not noted this as a variant. However, in our critical edition,
we have consistently placed the numeral in the center.
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I1.2 Critical Edition

Y TSR ATTSITAT Al AT 2= |

PrrTSiaT feeer [urr ar Biessigersa gugRd |
EsaeeriEd 4 dar SarazyoT Id 9 6ad |l go I

GARATHRA [STd %o el =i gt aarsiy afgsir |

TR Ih Ut g g A sasTated o RAd 11 €9 |

ST ZYOT HATTH T At favsid. BT %o |
ATt afgue MazrRid 3dig $aTd 3% 29 || &2 ||

Tgae ST TIHTRSIET df o ThRIaRd: Taed |
. o h o A (N Y
RISl HEHGTT g1 JEIARIATNER T T || &3 ||

[EREPEIERERER IR LR R RIS IC I
EYITSIATEGT: TUR: I3t 9= o || &% |

PrsTepTarTET gh: TEHgaT TS |
UEE TSIt Thel dT 3T0Teh: Thard | &4 |

ARSI R IOagT: |
fouer: sremiaagToT

TR ST | &8 |
FAIU: |
1 YSYSR | BYFR By; TAATER B 6 T woq) B%RET By, R
1 9T9-] I9- B, 9 JIIHRATR - | JUTORATE- By;
1 -Fizrsar-] -AGSqT- By, R JUIAIRAT R
2 Sttt fengort fararer) Strar feapor faam B, 10-11 ST Tgd=.. a1 &% 11 | verse
2 SIS TIgMd] SIgs- W, om. By
AU By 10 TTEAT| EREAT W
3 -FITed | -arled W; -9%d By 11 d5] o= B
4-5 T‘l’%ﬁ—\‘?‘f?ﬁl@?{ &Y Il ] verse 13 W‘jﬂq dup. in By
om. By 13 —F"JTJFI'} ST By
5 TTEe | TR R 14 -987:] -96T: R; 967 By

6 T 2AYIT] SBAMG@HSET W
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ESATTHTO 9T g S a7 g rared |
T HETAE d=E9asy! [AioEd wag |l &o |

T G AT ShHOT IRAGT T3 ars SEA: |

T G HUIHAT HHOT TS o Sl T dad | &¢ |l

e Fd IR @ e T &Y A ST |
TS AR AETeH TSt fararg-ad |l & |l

daededTdaaadd HENT T st Tehe@ T |

ST &THT A IS ShHUT ohl & STHTg @rst |l wo ||

ST Il WIS RN el @i dT hetHd redT |

ITCSehT ST 2RIST WSl Ter FRE2RET= 1| 99 ||

JTEATIE - IHTIT Tehe™ des I 8AT AT S STe A |

T[T o] UG e o STgr: 991 TTe: Ao E: 11 6R I

SAATST FRIISY A Ieh: Hr: TSI doa: |
TS ST JATETaaTd: SrevTied: HUTaRT o | 3 |

TROT T RIS < T I:shiie s asye & |

17 AT SUEET B,,
RS 185 8L e B

18 HEIT-| M- B,

18 TqETIHUT| TEIEE By
19 -3RAST] -2 B,
20 HUTHAT] oA By, R
21 -Fe) -feit R

21 ZTHAEI | I hAar N
22 “i&fﬁ ... H8l] om. B

22 HETEH | TATEH By

23 AI3dd] -HAed B,
23 FI¥ST] RISt B,

24 HBT| HH W

24 W] WIS B,

A AT eTsaThia-ared: || 93 |

25 FAGH AT Fe WS By; hA G AT N
26 Gﬂgﬂﬁ?ﬂ'] STITAAT Bu; Q‘&lﬁ Bo;
ST R

26 - | A= N

27 U6 | Teheed B,

27 IS WT-] THT- B,

28 E‘I%BF:EITT:] EI'I'@H"SF: B>, R

29 ITAST FHI- | ITAT HH- By, R
29 Tl A By

30 JHE-] 9 B

30 SIEOTeT:| SrEle: By, R

30 HUTIIT| FOTENRT By, R

31 ZWOT| 2R By; BT W

32 IR ] -ITRIT N; -ITT: By
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TR I ST Teh: T TRTETSATIRTHT Had - |
AT HSTT-GoTa HIH SATH JATOT 9adg Bred: | oy ||

A k3 o\ Y o —C
dIMHd ATH I DlISST ST dech[ddlSIAT |

ISaTehI: TTgSTHITG R AT T H: T HUEIT: || 9§ ||

U ThREIATSTT FHAT HOT 9T ITOTRYAT: |

HrstronaTd: TR T8l ol [ageTd shiddaueis: 1l wo |

AT AT ATIa T AT A TSI a1 g=1ST |

ST eh TgT TaTIasA SAeh i @A sy 11 e i

BIEGIEEGIRINERECCIERICE IS G

e 3Tgh =820 STgHT ¥he STT: 119R |

A * o o
AT AT TRT She A IRbea- a9 |

-~

HAT G AT J ATTHIT YSIehadigd hes ad Il <o I

AP gd 953Td Hg4g: TEaR! 9ad ¢ |

i M enN

TR hRAAGISISTd O HIAT: it o 11 ¢9 |

T GRITh 9 &I 870 Ahiad g4 |

TS X TUTeh! [T hATRT IRepea |l ¢R ||

STAQMERON | ST ATadrad a7 9 | a=i-ar o @1 9 °f 9] |

33 3RT-] B~ By, R

33 RTETATTN- | -JEAA- By
34 Ef@‘:} = w

36 -gq9:I9q | -Fq: g B
36 HoT-] HAT- B,

37 S| 9 B,

37 -YdIOT:] -WEIvi: By

38 -IT: GIRA| -ATALRAS Be
38 TgiI gedl| Udedt By

38 Wz] HIIAT: TR Bs, R;
FHIATTRIR By

39 -TIHIASAT] -ATd~daHSIT By

39 GAIST | O3 B,

41 —%I’cl’:] 51 B,

43 -] -dT- B,

43 IHI | | IHIA B,
43 A 9R-] A 99R- B,
44 T TTIN

44 FATHWT) TTHO B,

44 7] AT By

46 -BISISTA | -FEISTd By
46 FIAHT-] FAAT- N

47 HIAR-] -AER- B,

49 AIET] SRIFET W; 9T By
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AT T [AT9H9] | ST AT | TFAT of: dersd [@ro+19) |
R R

STEST: [A19 9] | AT TS: [FF 9 AT YT 9] | AT AABIIRR
9
STl SIS [T 3 AT 9] | 3T STl [T 9A YT 9] |
9 9

SIS AP STHT HOTEIT: [T 9 AT 9] | 70T Haaraard)
ST T<h: T |

YT YHRIALOT HUTT: AT | SISO [[1F 9] ATRAg ST SToT:
[T 9 | | 3T & ATATIH [A19 R 19 9] | 33 HITSSAT | 3TT: i STl
AT 9 TR

RIGHEIEEE <4|°|®I|°|8‘8 TS 9 | | AT IfoTar ATATIE T ST Lo sg

FHUT: [T ¢ JEaAT Y ] |
=TT 9 :

TIHMIAROTESTOT I: HR: | A AT Tedt (3199 o ATTST 9 AT
9] [@TET ¥ AGATT ¢ AT 0ooo] TAT JTaATEdT Il | ST - [F719 0
qTATT 9 TS 9 | [AT € YTATT ¢ ¥ 0000] I YTacllae SIS Iz

=\ .
RIS ATTATAA [ T ¥ AT 9] [ATATT 3 | | TSTTSTeh
SGIEREEIRCIIRICREEERTRIEEEN

T ATHRIAT SRR a9+ hedl AT gAREsaTas ol
TR ST M ded Yo IT: WIhd d o9 Sl AHaysa
FISETERIOT = TRl ST 67T Hg: ¥he S ThRaRoT o |

50 TAT: ] om. Bz, R 56 SRR 3THEN By

51 3TAT:] AT R 56 STAT] om. By

51 -l ... SATAT] om.B, 58 THUTEIN: | HIOTET: W

51-52 A ... ANNST | IHRegddR=d< 59 T ... IT:| -HOTEIIH: N
ST ST By 59 H:] B R

53 BH-] FIT- By 61 3] om. N

53 AP 31F-] -FFTE- B, 64 -FIT A | FAA R

53 -FFATEGT- | JEFET- W 64 -SI9T] T By, Ba

55 -=AXOT] -ITALT B, 65 THT| om. By, R

55 ATHAT | 9[ST- | AT | T 1- N 65 WA aF | WHaHA B,
55 ST | ST By 66 -1 ToTeaT| -¥FIeaT By, R
55 [AT9 9] ATAL | [ATF 9 ATATT 9 AT | 66 STHI-] HH- B,

FEd R 66 =] om B
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T TABIBISATI AT TAhHhBTSATHA |

BN SN P REIREIEIRRIBEI IR IR IR

AT TRl TSI 2SI aTd 38 Waor: || ¢3 |

aa%ﬁmmﬁ@ﬁﬁﬁaw

fogIsaheTar: RATHHHRAT |

WWW@W@W

TR hT AT d=raet: 11 ¢g |l

TS R ITIg ST a1 ST Ao st |

JaratoargaT ST ST aarsa T HTSS T Som: 2: 1| ¢4 ||

68 -3IT-] -AAT- By 71 RS- RS- B,

69 -StrarTE-| -fSErEt- B, 72 T ..SHAT] om. Bs

69 -TZTST-| -TiEsil- N 73 WR-] PR- W

70 RS RfSsar By, RfEFrRar 74 -HIETAT] -HATAT By; WISl By, R

in next line N 75 -ﬁ'@:m s B>
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IIT Text, Translation, and Technical Analysis

In the following, we present the critically edited text in Devanagari, a translit-
eration, and translation of verses 60 to 85 (see Table 4 for the contents of the
verses). We also give a detailed technical analysis of the contents to aid the
modern reader in following the text. Original diagrams, as they were executed
by the scribe, have been included along with a modern reproduction where
appropriate. Square brackets [ | represent an addition to the translation for
better readability. Round brackets () indicate the corresponding text in an
editorial gloss to clarify the text.

Verses | Contents

60-65 | Description of the iterative procedures
66 Numerical value of the Sine of three degrees

67-71 | Construction of a cyclic quadrilateral with three equal sides
and conception of various triangles and their associated ele-
ments inside the cyclic quadrilateral

72-73 | Expression for the square of the diagonal in a cyclic quadri-
lateral

74-77 | Alternative expression for the diagonal of the cyclic quadri-
lateral

78-79 | Expression for the measure of the chord

80-82 | Iterative procedure for obtaining the chord
prose | Worked example to derive the recursive algorithm

83-85 | Determining the Sine of one minute from the Sine of one

degree

Table 4: The structure and contents of the sixth section dealing with the Sine of 1°.

In particular, given the graphical nature of the symbolic style of reasoning
in the “worked example” (udaharana) section (preceding verse 83), we have
included small cropped images from one of the more legible and error free
manuscripts, so that the reader can directly appreciate the way in which the
“algebraic” reasoning was expressed in this context nearly four centuries ago.

ITI.1 Determination of the Sine of 1°

Text and Translation

Y TEYRR ATISATA AT ATagargizrsarsm |

Now, in the sixth unit, with the knowledge of the Sine of the arc, the knowledge of the
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Sine of one third of the arc [is described].

ErrTStat feapon faamr at

R Sigeea yugd |

Ersaeated g det

FATTRYT g T HRA Il &o | Il SR I
AR favsa e wer

R I gearsty afgee |

TR Ut o g

ErrsaerasTed T HRAT 11 &9 1l Il SR I
3T ZN T HATETH

T At fersrsia e whore |

fafoster: afgae Feera

TAE AT TART 29 11 &2 1l Il Sz I
EECRSIGEPLIREICH

Al T YhRIaRd: gTed |

tribhagajivam dvigunam vidhaya tam

tribhir bhajel labdhalavan prthannyaset |

tribhajyakavargahrtam tu tadghanam

lavavasesena yutam ca karayet || 60 || || vamsastham ||
punas tribhis tam vibhajet phalam kala

nyasec ca panktau ghanato’pi panktijat |

anantaroktam patitam ghanam punah

tribhajyakavargahytam ca karayet || 61 || || vamsastham ||
anena Sesena kalavasesakam

prayujya bhayo vibhajet tribhih phalam |

viliptikah panktipate nivesayet

ittha kuryat punar eva $esatah || 62 || || vamsastham ||
parikter dalam syat prathamamsajiva

tam ca prakarantaratah pravaksye |

Having multiplied the Sine of 3 degrees by two, one should divide that by three. [Then)]
one should set down separately the degrees [of the quotient] thus obtained. Now, one
should add the cube of that (i.e., the labdhalava, the quantity kept separately) divided
by the square of the Radius, to the remaining part obtained by dropping the degrees
(i.e., the minutes, seconds, and so on). Again, may one divide that result by three. The
quotient [in the form of] minutes obtained may be put down in the result-line (parikti®).
Subtracting the cube of the previous result from the cube of the number currently in

the result-line, again may one divide by the square of the Radius.

5 That is, the line in which the degrees were earlier noted down, and into which the successive

digits of the result obtained in the successive steps of iteration have to be written down.
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With this remainder [obtained by the previous operation), having added the remainder
in minutes and so on (kalavasesaka), again, may one divide the result by three. May one
set down the seconds [obtained thus] on the cloth (pata) [which contains] the result-line.
With the remainder [obtained at this stage], again the same process has to be repeated
here. [After iterating to achieve the desired accuracy], half the result-line produces the

Sine of 1°. And I will explain that by another method (prakara).

2SI A HAGAT BT

JYeATEEd: B 11 &3 I || Tt TSR I
[EREREAEREOER

EESECEREIEEICIN

tryamsajyaka svatrilavena hina

prthag ghano’syas trihrtah phalena || 63 || || bala upajatika ||
tribhajyakavargahrtena yukta

muhustadardham prathamamsajiva |

[Considering] the Sine of three degrees [and] removing one third of it, [may one put it
down] separately. The cube of this is divided by three. When this result [obtained thus]
is divided by the square of the Radius [and] added to [the initial result that was stored],

[and the process] is repeated, half of it (i.e., the iterated value) is the Sine of one degree.

[ECINEICIECEREPERE

FRFGTHT T a1 &% |l || ST ITSTice |l
[EREREAER AR

TEHgaT TSI |

tribhagajivatrilavah prthaksthah

svatryamsayuktena ghanena tasya || 64 || || jaya upajatika ||
tribhajyakavargahrtena yuktah

muhurmuhur va prathamamsajiva |

A third part of the Sine of three degrees [is obtained and] is put down separately. Then,
one third of the cube of this is divided by the square of the Radius and this is added to
[the value which was put down separately, i.e., Sine of three degrees divided by 3]. [This

process when carried out] iteratively [directly gives| the Sine of one degree.

TRT: FeRI S RTT-

ST TpeT 9T IT0TSR: THAT | &4 I || AT IT=TTTeehT Il
ebhih prakarair dhanusas tribhaga-

Jyakam sphutam va ganakah prakuryat || 65 || || prema upajatika ||
By [any of] these methods, may the mathematician compute an accurate value (sphuta)

of the Sine of one third of an arc.

T AT ST 4 i serr aiRfoaE: |
ToueT: 3TeRT faagTom W =2t | &8 |l | gTEE ||
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rama naga jina deva go ’ksa varidhivahnayah |

pindah Sakra viyadbana bhagadya tryamsasingini || 66 || || pathyavaktra ||
The Sine of three degrees is: three (rama), eight (naga), twenty-four (jina), thirty-three
(deva), fifty-nine (go-aksa), thirty-four (varidhi-vahni), twenty-eight (pinda), fourteen

($akra), fifty (viyat-bana) in degrees (bhaga) and so on.

Technical Analysis

The verses above present three distinct iterative algorithms for determining
the Sine of 1°. The first involves solving the cubic equation by means of an
iterative procedure which uses division and establishes the solution digit by
digit. The other two algorithms which employ direct fixed point iteration also
have their basis in the same cubic equation. While the relation of these three
methods with earlier techniques needs to be more fully explored, overcoming
the problem of interdependency by means of a simple iterative procedure (often
referred to as avisista-karma) was well known to Indian mathematicians.5
Before proceeding to describe these three algorithms, we will present the
trigonometric identity on which these algorithms are based upon.

I1.1.1  Trigonometric Identity Forming the Basis for the Cubic Equation

The multiple-angle formula giving the key relation between the sine of an arc
and the sine of three times that arc which forms the basis of all the three
algorithms is

sin 30 = 3sinf — 4sin® 6. (1)

Given that the modern sine and the non-unit-radius Sine are related by the
expression Rsinf = Sin #, the above formula expressed in Sines reduces to

4 Sin® 0
Though the above relation is valid for any angle 6, in this section Nityananda

is concerned with determining the Sine of 1°. Therefore, substituting 6 = 1°
and denoting Sin 1° = y, Equation (2) becomes

4y
R
Sin3° 4y

3 + 3R2 (3)

where Sin 3°; the Sine of the smallest integer number of degrees that can be
computed by geometric methods, is known.

Sin30 = 3Sinf —

Sin3° =3y —

or, Yy

6 See the recent studies by Plofker (2002) and Sriram, Ramasubramanian, and Pai (2012).
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Nityananda presents three methods to solve the above equation, which we
describe one after the other in the following sections.

II1.1.2  Method One: Verses 6063 (first half)

Nityananda’s first method commences straight away with the prescription of
the iterative procedure for solving Equation (3). This recursive procedure, as it
appears in Arabic sources, has been explained in previous publications.” This
is the first time it has been explored in detail in a Sanskrit source.

Before analysing the Sanskrit text, we will outline the way in which this
procedure works using modern symbolism. Since Arabic sources used chords to
carry out this procedure, Nityananda appears to be emulating this by doubling
y in Equation (3),® so that there results

_ 2-Sin3 N (2y)®
3 3R2

2y (4)

The left hand side 2y can be considered to be made up of successive sex-
agesimal digits, denoted by pg, p1, p2, and so on. The text calls each of these
components: degrees (lava), minutes (lipta), seconds (wvilipta), and so on, to
reflect the fact that they are successive sexagesimal parts.

2y = Po, P1, P2, -

By a careful analysis of the structure of Equation (4), the algorithm establishes
each of these components one-by-one, by an iterative process. In other words,
2y is updated with each iteration by an additional sexagesimal place. At any
stage of the process, an approximate value of the Sine of 1° can be obtained
by dividing the current value of 2y by 2.

" See Van Brummelen (2009, 147-149), Rosenfeld and Hogendijk (2003), Aaboe (1954).
8 To justify this step, note that

2 -sin 30 + (2sinh)®
3

2sinf =

is equivalent to (using the identity 2sinf = crd20)

crd66 + (crd26)?

20 =
crd26 3 )

the original Arabic relation.
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II1.1.8 Method One: Explanation of the Algorithm

Since y is small, neglecting 12, as a first approximation, Equation (4) can be
written as
90 2 2-Sin3
yr—a—
This division gives a quotient (py) and a remainder (7)
2-Sin3 0
3 M + 3
where py is the first sexagesimal digit of the resulting division (called labhda-
lava (quotient-degrees) in the text), and ry is the remainder (called lavavasesa)
of this division. Then, p, is to be placed in the “result-line” (parikti).

Now, pg is used to generate the next segasesimal digit p;

3
"o + (pRS?) ™
T =N + 57
The quotient p; is added to the “result line” after py. Next, the third significant
sexagesimal digit p, is to be found using the relation

2y~

(Po, P1)3 - (p0)3

R o n
3 RECRECE

Therefore, after the second iteration, the pankti has three entries

m+

2y = po, p1, P2

Again, with 7 and the elements in the pa7nkti, the fourth significant sexa-
gesimal digit ps is found using the relation

(p07 P1, p2)3 - (pOa p1)3
R2 T3
= o+ 2.
3 BT
The procedure outlined above can be carried out as many times as one
desires, depending on the sought accuracy. In the n'* iteration, one produces
pn using the equation

T'2+

(p07 ey pn—l)3 - (p07 ey pn—2)3
R2
3

Thus after n iterations we have the following parikti:

T +

2y ~ Do, P1, P2, -, Pn-

Division by two produces the desired value for the Sine of 1°.
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Method One: Numerical FEvaluation of the Successive Sexagesimal Digits

Since Nityananda simply describes the algorithm and does not specify the
numerical value of the Sine of 1° in the verses presented in this section, for
the sake of completeness, we carry out a few iterations of the procedure to
demonstrate how the numbers might have been generated. The one and only
numerical parameter Nityananda does give is the Sine of 3° (verse 66). Its
value, recorded using the object-numeral system is

Sin 3° = 3;08,24,33,59,34,28,14,50 (5)

Interestingly, this value is not the same as the one given by al-Kashi, who
gives 29 and not 50 in the eighth sexagesimal place (Rosenfeld and Hogendijk
2003, 45, n. 57). However, the value given in (5) is found in the earlier part of
this text (Rosenfeld and Hogendijk 2003, 39). It is also found in the Jyacapa
manuscript referred to in the introduction.

The first few digits can be recomputed below as follows.

To find py: In the zeroth-order approximation, py is simply taken to be
one-third of the chord value corresponding to 6° (crd6 = 2sin 3). That is,

2-Sin3 2 x 3;08,24,33,59,..
3 3 ’
= 2:05,36,22,39,42, ..,

T
:po—f—go-

Here, py = 2 is in degrees and the remainder 2 = 5,36,22,39,42,... is in minutes,
seconds, and so on, and thus ry = 16,49,07,59,08,56,... minutes and so on.
At this stage, the “result-line” (parikti) simply consists of 2. That is,

2y~ po=2.
To find p;:
(Po)g . 2°
ro + R 0;16,49,07,59,8,56,... + 602

3 3 ’
~0;16,49,07,59,08,56,... + 0; 00,08
= 3 ,
~0;16,57,07,59,08,56, ..
- 3 7

= 0;05,39,02,39,42,...,

1
:P1+§-
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Here, p; =5 is in minutes and the remainder 3 = 39,02,39,42,... is in seconds,
thirds, and so on, and thus = 1,57,07,59,08,... minutes and so on.
The pankti at this stage is

2y ~ Po,P1 = 275

To find p»:
(po, p1)* — (po)? (2;05)3 — 23
0;01,57,07,59,8,56... + ————
r + R2 _ yJL,d ,Ul,J9,0, + 602

3 3 ’
~0,01,58,10,31,13,56,...
= 3 ,
— 0:00,39,02,23,30,24,38, ..

T

= p2 + §2

Here, p, = 39 is in seconds and the remainder 3 = 2,23,30,24,38,... is in thirds,
fourths, and so on.
Now, the pankti is
2y = po, p1, p2 = 2,05,39.

This procedure can be continued until one wishes to stop. Dividing this by two
produces
y=Sin1° = 1;02,49,...

The most precise figure for the Sine of 1° explicitly recorded by Nityananda
is included in his table of Sines in the Sarvasiddhantaraja (see Figure 7 which
gives the first page of the 18 page table of Sines). This numerical value is
recorded as (second column, first row):

1:02,49,43,11

However, given the precision to eight places Nityananda gives to the Sine of 3°,
we assume that this is so that more places could be easily produced if needed.

III.1.4 Method Two: Verses 63 (second half)-64 (first half)

The second method Nityananda describes to solve the cubic is again an iter-
ative procedure, but instead of establishing the successive sexagesimal digits
of the function one-by-one, it aims to find a better approximation of the func-
tional value itself at each iteration.” The prescription of Nityananda here is

9 This method appears to be equivalent to one of the two given in Jyacapa.
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to again begin with the initial approximation: the Sine of 3° less a third part,
which is equivalent to multiplying it by 2 and dividing by 3 as per the basic
Equation (4). That is,
2-Sin3
Yo = 3 (6)
This is to be increased by its own cube and divided by the product of 3 and

the square of the radius to get the next iterate:

%
3R%
Now we use y; to get the next iterate. That is,

"

Y1 = Yo +

Yo = Yo + SR
The subsequent iterations are
(yn—1)3

Since the values converge rapidly, the iterative process is terminated when one
has the desired accuracy, namely
Yn+1 = Yn.

The Sine of 1° is then found by taking half of this.
Method Two: Numerical Evaluation

In this particular case, we begin the numerical reconstructions with Equations
(5) and (6). Thus, the initial approximation of the function is

2-Sin3
y(]: 3 —_=

p
5 X 3:08.24,33.50,34,28, 14,50,

= 2:05,36,22,39,42,58,49,53,20.

The values of successive approximations obtained using Equation (7) are dis-
played in Table 5. As may be noted from the third column of Table 5, the
successive differences keep rapidly decreasing. Today we know that fixed point
iterative methods converge rapidly provided one starts with a good first esti-
mate. Thus, method two may be considered as a fixed point iteration as applied
to a cubic equation.

II1.1.5 Method Three: Verses 64 (second half)-65

From a mathematical viewpoint, this method is identical to method two, except
that multiplying and dividing by 2 before and after the iterations is absent.!% If

10 This method appears to be equivalent to one of the two given in Jyacapa.
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Iteration number (n)

Sin1° = y,/2

difference = %

S T W N~ O

7

1;02,48,11,19,51,29,24,56,40
1;02,49,43,04,32,00,53,37,37
1;02,49,43,11,14,14,50,04,39
1:02,49,43,11,14,44,14,17,10
1;02,49,43,11,14,44,16,26,08
1;02,49,43,11,14,44,16,26,17
102,49 43,11,14,44,16,26,17
1:02,49,43,11,14,44,16,26,17

0;00,01,31,44,40,31,28,40,57
0;00,00,00,06,42,13,56,27,02
0;00,00,00,00,00,29,24,12,31
0;00,00,00,00,00,00,02,08,58
0;00,00,00,00,00,00,00,00,09
0;00,00,00,00,00,00,00,00,00
0;00,00,00,00,00,00,00,00,00

Table 5: Successive approximations to the Sine of 1° obtained by method two.

so, why does Nityananda present this as an alternative approach to determining
the Sine of 1°7 As indicated earlier, the scale factor of 2 is no doubt a remnant of
the Arabic preference for solving this problem for chords. Indian trigonometry,
on the other hand, right from its inception, embraced the Sine and this scale
factor is thus not essential. Therefore, the initial approximation to the Sine of
1° is taken to be

Sin 3
Yo = 3
The subsequent iterations are
(yn—l)S

Here, the successive iterates produce approximations of the Sine of 1° directly.
Since the numerical values obtained by this method will not be different from
those listed in Table 5, we have not tabulated them separately.

I11.2 Geometrical Demonstration

II1.2.1  Construction of a Cyclic Quadrilateral with Three Equal Sides

Text and Translation

SO |
atropapattih |

Now, the demonstration:

B fars g

FTehvgreh o o WTUTE |
e e

IR et g 1 & I

trijyapramanena vidhaya vrttam

|| TofY IgTiaeT |l

jhakendrakam tatra tu capam istam |
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tulyaprabhagam kakhagaghacihnam

taccapakarnam vilikhet kaghan ca || 67 || || vant upajatika ||
Having drawn a circle with measure [equal to] the Radius, whose centre is jha, there
may one mark an arc of desired [length. Then| divide the arc into [three] equal parts,
with markings ka, kha, ga, gha, and may one draw the arc-hypotenuse (capakarna),**

ka-gha, corresponding to that arc.

T G AT SHHOT

FERAST TG arsi 5 |

T GG FHUIHAT SHHOT

G T g dgd || &¢ 1l 1| Fhfegy: TSI Il
kakham khagam gagham iti kramena

tryamsas tada tacchrutayo’pi lekhyah |

kagam khagham karnamiti kramena

khacham gacam lambamity ca tadvat || 68 || || rddhih upajatika ||
[Now], there are three parts [to this arc]: ka-kha, kha-ga and ga-gha respectively. Then,
may the hypotenuses related to them also be drawn. [Now] ka-ga and kha-gha are the
measures of the two hypotenuses. And similarly kha-cha and ga-ca are the measure of

the two perpendiculars.

i Hd FHAHEIT @It

T T &l Sh3IT HSTeAT |

=TS grHErE 1l &3 | || STesT ITTITerRT |l
bhamih kagham vaktram ihasti khagam

kakham gagham dvau kramaso bhujakhyau |

evam samanasyabhujam mahaksmam

caturbhujam ksetram ihohaniyam || 69 || || bala upajatika ||
Here, the base is ka-gha, the face is kha-ga, and ka-kha and ga-gha are the two sides
respectively. Thus, may a four sided geometrical construction with a long base [and]

whose face and sides are equal, be conceived.

Technical Analysis

Having given the recursive algorithm to compute the Sine of 1°, Nityananda
now seeks to validate the cubic equation by considering a suitable geometric
construction that would lead to Equation (4). For this, first we need to draw a

11 For details on the arc-hypotenuse, see Montelle, Ramasubramanian, and Dhammaloka (2016,

24-26).
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ga kha

Figure 1: A reconstruction of the quadrilateral described in verses 67—69.

circle with a reasonably large radius (¢rijya) so that the circle can comfortably
accomodate various other geometrical constructions that need to be depicted
inside it (see Figure 1).

The center of the circle is labelled with the letter jha (jha-kendraka). Now an
arc of arbitrary length which is then divided into three equal parts is marked
ka-kha-ga-gha. Then, ka-gha is joined up, effectively making a trapezium with
three equal sides. The base of the trapezium, denoted by ka-gha is referred to
by different names based on the context in which it is described. For instance,
in verse 67, it is referred to as capa-karna when it is simply conceived as the
chord of arc ka-gha. Whereas in verse 69, it is referred to as maha-ksma (lit.
the big base). The adjective maha is used in order to distinguish it from the
base (ksma or ksama) used to refer to the base of the triangle ka-kha-ga in a
later verse (verse 70).

Now, the two diagonals of the trapezium ka-ga and kha-gha, as well
as the two perpendiculars ga-ca and kha-cha—referred to as the lambas
(perpendiculars)—are to be indicated in the diagram. It is further noted by
Nityananda that the face kha-ga and the two sides ka-kha and ga-gha of the
trapezium are of the same dimension by using the phrase samanasya-bhuja as
an adjective for the word caturbhuja (“trapezium”).

Although Nityananda instructs the reader to draw an entire circle (vrtta),
only a half-circle appears in the various manuscripts that we were able to
consult. The diagram found in one of the manuscripts is shown in Figure 2. A
reconstructed version of it for the purpose of clarity is shown in Figure 3.12

12 We guess restricting it to a semicircle could be in the interest of saving space.
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Figure 2: The diagram that accompanies this passage from the RORI manuscript
(f. 13v).

| ‘

ca

<X

jha

Figure 3: A reconstruction of the diagram in Figure 2.

11.2.2  Defining Triangles and Their Associated Elements Inside the Cyclic
Quadrilateral

AdavderasTaa-aead

FHEPRI st Tehedd |

SHIT T T AT SHHOT

T G T @rer |l wo |l || IFAT AT Il
tatas tadantargatam anyad etat

kakhagasamjriam tribhujam prakalpyam |

kagam ksama tatra bhujau kramena

kakham khagam lambamitis tu khajam || 70 || || prema upajatika ||
Then, may another triangle denoted by ka-kha-ga be conceived of inside that [quadri-
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lateral]. There, ka-ga is the base (ksama'®), the two sides are ka-kha and kha-ga

respectively, [and] kha-ja is indeed the measure of the perpendicular.

TTS o TSR

el WeT o e ST |

FiTCSTeRT SITEIHAT ZRISTT

ST AT HRAERMEAT | 99 I || SFT ISR I
athatra vrtte tribhamaurvikasti

kajham khajham va kajam eva dorjya |

kotijyaka jajhamita Saro’pi

khajam sada kakhasarasanasya || 71 || || prema upajatika ||
Now in this circle, for the chord (Sarasana) ka-kha, ka-jha and kha-jha are certainly the
Radii, ka-ja is indeed the Sine and ja-jha is the measure of the Cosine, [and] kha-ja is

the arrow.

Technical Analysis

Having described the construction of a cyclic quadrilateral in great detail,
Nityananda considers the resulting construction in a slightly different way.
This is just to highlight the quantities he will be dealing with in the next
sections. He draws the attention of the reader to the non-right-angled triangle,
ka-kha-ga, within the quadrilateral. He points out the base ka-ga, the two sides,
ka-kha and kha-ga, and the perpendicular height of the triangle, here the line
segment kha-ja. In two verses, he explicitly relates each of these line segments
to their trigonometric equivalent. In particular, ka-ja is the Sine, ja-jha is the
Cosine, and kha-ja is identified as the sara (arrow), or the Versine. These
quantities are critical for the algebraic working that follows.

Before moving on to the next section, we may draw the attention of the
readers to the word Sarasana appearing at the end of verse 71. The word
literally means “the seat of the arrow.” In this context, it refers to the Chord
ka-ga.

13 The word ksama literally means “forbearance.” Since the earth is personified in Sanskrit literature
as an embodiment of ksama, it seems the poet has taken the license to use ksama for ksma as the

former fits the meter.
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II1.3 Algebraic Derivation
II1.53.1 Ezpression for the Square of the Diagonal in a Cyclic Quadrilateral

Text and Translation

T AT TeheH

T I-T8HT AT g0 AT AR |

AT of: WISwiw T SEr:

T AT FRRITOT I 11 R ] Il ZmfesT I
ITANST FHIIST AT

I<h: B GISTITST dwat: |

LEEINIK EEERIERIRE

ST HOTaRA T 11 93 | RSl
yavattavaddohpramanam prakalpyam

taddhinaksma ya dalam syac ca sandhih |

sandhyuna bhuh pithasamjnam ca bahoh

vargah sadhyah sandhivargena hinah || 72 || || $alint ||
utpanno’yam lambavargo’tha tena

yuktah karyah pithavargo’pi tajjnaih |

evam jato bhumivaktravaghatah

dorvargadhyah karpavargas sa eva || 73 || || alint ||
Setting the measure of the chord to be the unknown (ydvattdvaz;14 i.e., the desired
value), whatever is the [measure of the] base (ksma), [when that is] decreased by that
[yavattavat], and halved, it is the sandhi.'® The base (bhu) decreased by the sandhi is
known as the pitha,'® and the square of the side (bahu) decreased by the square of the
sandhi is to be determined.

The [result] thus obtained is the square of the perpendicular (lamba).'” Now, the square
of the pitha is to be increased by that (i.e., the square of the perpendicular) by those
who are knowledgeable of that (i.e., geometry). Thus, what is obtained is the product
of the base (bhumi) and the face (vaktra) increased by the square of the chord. This is
indeed the square of the diagonal.

!4 Literally the term means “as much [desired] so much” (W@'\K‘-ﬂg] drdd). In the mathematical
literature it is used as a technical term to refer to an “unknown” quantity denoted by ka-kha or
kha-ga in Figure 1.

15 This is also a technical term that refers to ka-cha.

6 The significance of this term is explained in our notes.

17 This refers to cha-kha or ca-ga in our diagram.
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Technical Analysis

Nityananda begins with the prescription that the length of the side of the cyclic
quadrilateral (defined in the previous section), be referred to as yavattavat.
Furthermore, he gives the mathematical relation for what he calls the sandhi
which is the line segment ka-cha, and the pitha, which is the line segment
cha-gha (see Figure 3).

ka-gha — kha-ga
2

sandhi = ka-cha =

and
pitha = cha-gha = ka-gha — ka-cha

or alternatively,
pitha = ka-ca = ka-gha — ca-gha.

It may be noted from Figure 3 that the measure of the yavattavat (kha-ga)
when mapped on the base (ka-gha) would be ca-cha, and this segment would
simply be hanging in space without getting connected to the arc ka-gha, but for
the two segments ka-cha and ca-gha. Since the latter two bring in the “union”
with the arc, they are perhaps referred to as sandhi. The word pitha literally
means a “seat” on which something rests. In the present context, the projection
of ka-ga will rest on ka-ca, and maybe for this reason, the latter is referred to
by the name pitha.
Then, by the Pythagorean theorem, the perpendicular (lamba) cha-kha is
given by
(kha-cha)? = (ca-ga)® = (ka-kha)* — (ka-cha)®. (8)

Furthermore, the diagonal is computed via
(kha-gha)?® = (kha-cha)? + (cha-gha)?. 9)

In the latter half of verse 73, Nityananda states that the product of the base and
the face increased by the square of the chord is the square of the diagonal. This
gets easily verified as follows. Using Equation (8) in Equation (9), rewriting
the first term in the RHS, we have

(kha-gha)* = (ka-kha)* — (ka-cha)?® + (cha-gha)?. (10)

Now, rewriting the last two terms in the RHS of (10), we have
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(kha-gha)? = (ka-kha)? + (cha-gha — ka-cha)(ka-cha + cha-gha),
= (ka-kha)* + (cha-gha — ca-gha)(ka-gha),
= (ka-kha)* + (ca-cha) - (ka-gha),
= (ka-kha)? + (kha-ga) - (ka-gha),

since ka-cha = ca-gha. This is the first expression for the square of the diagonal
that Nityananda presents in verse 73. Rewriting these in terms of the Sines
and Chords, there results

(kha-gha)® = (Crd §)* + Crd 6 - Crd 36. (11)
II1.3.2  Alternative Expression for the Diagonal of the Cyclic Quadrilateral

Text and Translation

TROT AT RIS =

GEREEICCEEE R Gl

EERIEAGESICAREIE RIS

T TSR aTed: | wg |l || ST ST Il
IO T STarTeh: TATd

TRTEAATHIAT 7T - |

AT AT g ST T

ST TOT HacdTg Sk 1l vy |l || AT IS |
BRIECISIREAC KIS

ST ST dAchiaatordr o |

PrsaTeRic: gt

aﬁsga‘:aqasﬁaﬁ: Il we Il || <hIfeT: SorsTIcrAT I

tada dhanuhko,tzlava;yaka syat |

trijyakrtis tatkrtivarjita cet

tada bhujagyakrtir enayadhyah || 74 || || prema upajatika ||
banasya vargo bhujavargakah syat

Sarahatavyasasamo bhavet sah |

tato bhajet tadbhujavargamanam

vyasena bano bhavattha labdhih || 75 || || maya upajatika ||
tayonitam vyasadalam ca koti-

Jya jayate tatkrtivarjita ca |

trijyakrtih syad bhujamaurvikaya

varga$ caturghnah sa tu karnavargah || 76 || || kirtih upajatika ||
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If the Radius is decreased by the Versine, then it is the Cosine (kotilavajyaka).'® If the
square of the Radius is decreased by the square of that (the Cosine), then [there results]
the square of the Sine; the square of the Versine increased by this is the square of the
chord (bhujavargakalg). This will be equal to the Diameter multiplied by the Versine.
Thence, one should divide the measure of the square of that Chord by the Diameter.
The quotient (labdhi) here is the Versine.

Half the diameter diminished by that (i.e., the Versine) produces the Cosine and the
square of the Radius decreased by the square of this (i.e., the Cosine) is the square of
the Sine; that multiplied by four is indeed the square of the diagonal.
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evam prakaradvayato’pi kuryat

karnasya vargau ganakapravipah |

bijakriyatah punar atra paksau

tulyau vidadhyat kathitaprakaraih || 77 || || indravajra ||
Thus, the expert mathematician may compute the squares of the diagonal by both the
approaches (prakaradvaya). Through the use of algebra here again one should make the

two sides equal by the methods that were stated earlier.

Technical Analysis

In order to arrive at the other expressions for the square of the diagonal,
Nityananda recounts a few well-known relations. He commences with
R—Versf = (R— (R — Cos#)),
= Cos ¥, (12)
and
R? — Cos” § = Sin* 0.

Now, it is noted by Nityananda (verse 75a) that the sum of the squares
of the Sine and the Versine is equal to the product of the Diameter and the
Versine.?’

Sin® 6 + Vers? = DVers 6. (13)

'8 The terms kotih, kotijya, kotijyaka and kotilavajyak@ are used synonymously.

19 Here, the term bhuja is used not to refer to the Sine but to denote the side of the quadrilateral,
specifically, ka-kha.

20 This identity has been given earlier in the work, in verse 32. See Montelle, Ramasubramanian,
and Dhammaloka (2016, 24-26).
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ga \kha

gha ka

Figure 4: A reconstruction of the quadrilateral described in verses 67—69.

This is easily verified. Consider the RHS of the above equation

DVersf =2RVers?,
=2R(R — Cos0),
= R?+ R?> — 2R Cos¥,
= Sin?6 + Cos? 6 + R* — 2R Cos ¥,
= Sin®0 + (R — Cos0)?,

= Sin® @ + Vers® 6. (14)
Now we rewrite (13) as
.2 2
Vers ) — Sin” 6 EVers 9'

This is what has been stated in verse 75. Next in verse 76, Nityananda
instructs one to subtract both sides from R:
Sin%2 60 + Vers? 0

_ 0—R—
R — Vers R D ,
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and then square both sides. Doing so, and simplifying the expression, we have

.2 2 2
0 0
(R — Vers)* = (R— Sin“ 6 + Vers ) |
D
Cos?d — B2 — 2R Sin* 6 + Vers® 0 N (Sim2 6 + Vers® 9)2 |
D D
R Cosf — 2R Sin®@ + Vers?§  (Sin”f + Vers® 6 ?
N D D ’
.9 2 )2
w2 2,  (Sin”f + Vers 0)
= Sin“ 0 + Vers~ 0 i .
Multiplying through by 4, we get
s 2 0 2 0 2
4Sin? 0 = 4(Sin 0 + Vers? ) — O J;;ers . (15)

And as the diagonal kha-gha (which is the same as diagonal ka-ga) = Sin6 +
Sind = 2Sin#, the LHS of the above equation is equal to kha-gha. Hence,
Equation (15) becomes:

, Sin® @ + Vers® )?
(kha-gha)® = 4(Sin® @ + Vers® §) — ( 72 ) ,
,  (Crd*#)?

R
Now we have two equations, (11) and (16), that give the square of the diagonal
of the cyclic quadrilateral. Nityananda entreats us in verse 77 to equate the
two sides and do some algebraic manipulation (aparvartana) in verse 78 (see
the next section) in order to get the desired result.

= 4(Crd 0) (16)

I11.3.3 Ezxpression for the Measure of the Chord

Text and Translation

AT T

BIERIERIEC IR EINe

TSy =h TeT T

ek S AT s 11 we i Il zmfesT I

yavattavanmanakenapavartyau

yavattavanmanajo yo ghano’tra |

so’pi vyakte paksa evanuvesyo

vyaktam karyam gudhamanam tato’pi || 78 || || $alint ||
[The two sides| are to be reduced by the measure of the desired quantity (yavattavat).

Whatever cube is obtained here [by dividing throughout] by the desired quantity,
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even that one has to be placed on the side containing the known value (vyaktapaksa).
Further, the [algebraic] quantities whose magnitudes are unknown (gudhamanam) have

to be made known (vyaktam karyam).

o o o
qrerTa T Arss Ersarantieried: |
T aTgh 3T ATgHT The ST |1 08 || [l

yavattavadghano yo’tra trijyavargavibhajitah |

tattryamsayuktam bhutryamsam bahumanam sphutam jaguh || 79 || || Sloka ||
Whatever here is the cube of the desired quantity (yavattavat) [is to be] divided by the
square of the Radius. They state the third part of the base (bha) increased by a third

part of that to be the accurate measure of the chord.

Technical Analysis

In the previous section, it was demonstrated that Nityananda derives two ex-
pressions for the diagonal (kha-gha which is equal to ka-ga) of the cyclic quadri-
lateral, namely Equations (11) and (16). Equating the two, we have

»_ (Grd0)?

(Crd6)* + Crd# - Crd 30 = 4(Crd 6) 72

(17)

Replacing all instances of Crd# with an unknown, say y, Equation (17)
becomes

(v')?
R

¥+ y- Crd30 = 44 —

Invoking the “unknown” (yavattavat, which is Crd 6), he states that the two
sides are to be reduced by this amount. Reducing both sides by the unknown
quantity (i.e., dividing each term by %) produces

y
y+ Crd 30 = 4y — 7
Now, in the second and third quarter-verses of verse 78, Nityananda alludes
to the process of rearranging the terms in the above equation. He states that
the cubic term here has to be moved to the other side of the formula where
the numerical value of the quantity (Crd36) is known. This can be captured

by modern symbolic rearrangement as follows:

Y

3y = Crd 36 + T
Crd 36 1y
Y= 3 + EY:2h (18)
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Having arranged the equation in this form, Nityananda says (in the last quarter
of verse 78) that the unknown quantity (gudhamana) in the RHS of Equation
(18) which is a cubic term, has to be made known (vyaktam karyam). Verse
79 essentially presents Equation (18). In the following verses, how this is to be
solved is described briefly once again, recounting the iterative procedure.

I11.3.4 Iterative Procedure for Obtaining the Chord

Text and Translation

TATTAT AT

Thed A URhed- T |

FAT G aF  ATAHAIT

ErvsaeRasTed % Id |l ¢o |l Il == |l
ERIERIEER CMERICH

TEHE: TR 9 - |

LR ERIHED L BRG]

o+ Tt a9 11 ¢9 |l IKREEEEUREl
AT YR I &

fara Prrprafa 1ger |

T Gl TOTehT FrgeaTa

AT IREpeaq |l ¢R |l || AT ST I

samanyato bhumitrtiyabhago

vyaktasya manam parikalpaniyam |

krtva ghanam tasya tu tattribhagam

tribhajyakavargahrtam phalam yat || 80 || || indravajra ||
bhumitribhagena yutam prakuryat

muhurmuhul spastataro bhavet sah |

pratyekapanktisthitalabdhijatam

ghanam trimaurvyah krtibhajitam tam || 81 || || bhadra upajatika ||
tatha puroktena ghanena hinam

ksipet tribhaktorvarite muhusca |

evam svabuddhya ganako vidadhyat

avyaktamanasya parisphutatvam || 82 || || mala upajatika ||
Grossly (i.e., as a first approximation), one third of the base is to be taken as the measure
of the numerical value [of the desired measure, i.e., Crd 8]. And having computed the cube
of that, that indeed has to be divided by three and by the square of the radius. Whatever
is the result, it is to be added to the third part of the base iteratively (muhurmuhuh).
That will produce increasingly more accurate values.

One should add that, [namely] the cube produced from the result obtained in the “result
line” (parikti) at each stage, decreased by the previous cube [and] divided by the square of
the Radius, to the remainder (urvarita) divided by the three. Thus, iterating (muhuh) as
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much as they desire, may the mathematician bring in accuracy to the unknown quantity.

Technical Analysis

This section closes with three verses recapitulating how each of the methods
is to be implemented, now that the derivation has been made. The first step
(verse 80, first half) is to use the initial approximation of one third of the base:

Crd 36
3

(19)

This is the common step to be taken whatever iterative method one proceeds
with. Methods two (described in subsection I11.1.4) and three are summarised
(verses 80, second half-81, first half). Then method one (described in subsec-
tion I11.1.3) is summarised (verses 81, second half-82, first half). This group of
verses ends with a note for the mathematician to continue iterating until the
desired accuracy is achieved.

I11.4 Worked Example (udaharana)

Text and Translation
STASTEIUT | S[STHIA JTaTad 3T 9 | AT o: [A7 9 ¥ 9] | 3RAT < [A79 ¥ 9] | STefrsd
AR | FAT of: UISIsT [A79 9 9] | SIEasT: [0 9] | AI=Ia9T T [qwsqwé%{q'a] |
HTAT: HHES TR STl mwiﬁw’ Wam‘g% qq9] ISTETW:FTH‘)?;:}% 9]

| SRTIISTTAANTSTRT HUTET: [1F 9 AT 9] | SHT AT Joiaigh:
HHE: |

T YHRI-AROT FHOTT: ATAT | T A1 9] SAgd STl ST [qgg] |
aﬁ:réﬁmmaéﬁwa] | 39 @ifesar | /AT HaRkF Sar | =
RIEEK q]ddﬂdg‘g AT 9 ] | AT ATSTaT AT SITALIOT ST HOTa:

’ |
T

TIHATATARO T 0T ¥: i | A AT 98T (A9 o TG 9 AT 9] [[T9d € AT ¥
T 0000 TAT ATITTEAT TTAT | ST -- [ATH o FTATE 9 AT 9 | [ATH € ATATT € + 000]
T IS ST [T R ATgG S ATaarar=HT=4 [ A9 ¢ T 9] (AT 3 |

| TSI TSTaRT T Raarddr [T 9 e 9] [ 3= 3] |

JERT AT SR O O Fedl AT qARSaTastor sehr s
T 739 S I @b T G Hedl Harasg Paresor 7 Aehr et
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TETeaT g T YSTHATIT THRTaROT |

atrodaharanam | bhujamanam yavattavat ya 1 | tenonita bhah [ya 1 bha 1]| asya
dalam [ya 1 bha 1] | jato’yam sandhih | sandhyana bhih pitho’yam [ya 1 bha 1] |
bahuvargah [;dva 1] | sandhivarga esah [yava 1 yabha 2 bhuwva 1] | anayoh sQamacche—
dayor antaram jato lambavargo’yam [yava 3 ydghﬁQ bhiwa 1] | atha pithavar-
gah [yava 1 yabha 2 bhava 1]| lambavargap{thavarg;yor yogo’yam eva karpavargah
[yava 1 yabha 1] ! | ayam eva bhumivaktravaghato bhujavargayuktah sampannah |

atha prakarantarena karnavargah sadhyate | bhujavargamanam [yava 1] vyasahrtam jato

banah [yava 1] | anena hinam vyasardham [yava 2 vyava 1] | iyam kotijya asyah krtir
vya 1 vya 2
iyam jata | nyasah [yavava 4 yavavyava 4 vyavava 1] | anaya varjito vyasardhavargo
vyava 4
jata$ caturguno’yam karnavargah [yavava 4 yavavyava 4] |
vyava 1

prathamanitakarnavargena samah karyah | tena samau paksau

[yavava 0 yavavyava 1 yabhavyava 1] [yavava 4 yavavyava 4 ya 0000] etau yavattavata
apavartyau | jatau — [yagha 0 yavyava 1 bhavyava 1][yagha 4 yavyava 4 bha 000]
atra yavattavadghanam rupesv eva nivesya parasparasodhanal labdham yavattavanmanam
[yagha 4 bhuvyava 1)[yavyava 3] | bhajyabhajakaw caturbhir apavartitau

[yagha 1 bhatriva 1)[yatriva 3]|

bhutribhagam samanyato bhujamanam angikrtya tasya ghanam krtva tribhir vibhajya
punas trijyavargena bhakta bhujamane niksipya tad eva bhujamanam punah svikrtya
tasya ghanam krtva tribhir vibhajya trijyavargena ca bhakta bhutribhage ksiptva muhuh

sphutam bhujam anayet prakarantarena ca |

Here, an example (udaharana). As much as is the measure of the chord (bhuja), [that
is denoted by] ya. The base (bha) decreased by it is [ya 1 bha 1]. Half of that is
[ya 1 bha 1]. This produces the sandhi. The base [is to be] decreased by the sandhi. This
is the2pitha [ya 1 bhu 1]. The square of the chord (bahu) is [yava 1]. The square of the
sandhi is this [yd;a 1 yabha 2 bhiava 1. The difference of those two [converted] to the
same denominator produc:s the square of the perpendicular, [yava 3 yabhu 2 bhuva i}.
Now, the square of the pitha is [yava 1 yabhu 2 bhuva 1]. The sum of the ;quares of the
perpendicular and the pitha is indeed the square of the hypotenuse [yava 1 yabha 1].
This indeed produces the product of the base (bhumi) and the face (vaktra) increased
by the square of the chord (bhuja).

Now by means of another method (prakarantara) the square of the diagonal (karna) is
established. The measure of the square of the chord (bhuja) is [yava 1]. [This] divided

by the Diameter produces the Versine (bana) [yava 1]. Half the Diameter diminished
vya 1
by this [yields] [ya@va 2 wvyava 1]. This is the Cosine (kotijya). This is the square that
vya 2
is produced, [whose] lay-out (nyasa) is: [yavava 4 yavavyava 4 vyavava 1). The square
vyava 4

35
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of the Radius decreased by this, when multiplied by four, produces the square of the
diagonal (karna). [yavava 4 yavavyava 4].

[This quantity] is to be equq;:tzgl ivith [the expression for] square of the diagonal obtained
first. By this, these two sides are equal [yavava 0 yavavyava 1 yabhuvyava 1]

[yavava 4 yavavyava 4 ya 0000]. These [two sides] have to be reduced by a yavattavat
[yagha 0 yavyava 1 bhuvyava 1] [yagha 4 yavyava 4 bha 0000]. The measure of the
yavattavat is obtained by keeping the cube of yavattavat along with the side with the
numerical constant, by reducing one by the other [yagha 4 bhuvyava 1] [yavyava 3]. The
divisor and the dividend are to be reduced by four [yagha 1 bhutriva 1] [yatriva 3].
Having taken a third part of the base as the gross measure of the chord (bhuja), com-
puting the cube of that, dividing by three, again dividing by the square of the Radius,
adding it to the measure of the chord (bhuja), [and] again taking that as the measure of
the chord (bhuja), computing the cube of that, dividing by three, and further dividing
by the square of the Radius, [and] adding [that] to one third of the base (bhu), may one
repeatedly obtain the refined value of the chord by the different method.

Technical Analysis

Figure 5: The text from the R (f. 14v) showing the way in which the equations

have been laid down along with the prose text.

In this work, this is a rare instance of mathematics in prose. In addition, we
find here a semi-symbolic style of reasoning laid out on the page (for examples,
see Figures 5 and 6). This is obviously unfamiliar territory for the scribes as the
manuscripts have frequent variant readings. By considering the mathematical
consistency we could fix what the semi-symbolic expressions should be in a few
instances where some crucial symbols such as a dot over the coefficient in the
algebraic equations to denote that it is negative were missing. The symbols
employed to denote the mathematical reasoning in the text are listed in Table
6.

Though all manuscripts contain this passage, MS W was found to provide
the most reliable readings. In order to appreciate the reasoning, in what follows
we give, in two columns, the mathematical steps in modern symbolic notation
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WQR ﬂ!‘(*ﬂ

%@

Figure 6: The text from the By (f. 19v), essentially presenting the same passage as
in figure 5 showing the way in which the equations have been laid down along with
the prose text.

Nagar1i | Abbreviation | Concept Translation Notation
a7 ya yavattavat Unknown y
EIE) yava yavattavat-varga Square of unknown e
BICE yagha yavattavat-ghana Cube of unknown e
BIEE) yavava yavattavat-varga-varga | Square-square of unknown yt
a1 vya vYasa Diameter D
AT vYava VYasa-varga Square of Diameter D?
EIEE] vYyavava VYasa-varga-varga Square-square of Diameter D*
[EE] triva tribhajya-varga Square of Radius R?
9 bhu bhu Base b

Table 6: Symbolic notations employed in the manuscripts to represent algebraic
equations.

and a snippet from manuscript W to show how the scribe rendered the symbols.
For convenience, we also provide a transliteration directly below.

The unknown, called yavattavat is represented by ya. We denote it by 3. It
is the measure of the chord (bhuja).

Crd 6 = ka-kha =y im L
ya 1
Now, the base (bhu) is to be diminished by that:

b—y T 3y
ya 1 bha 1
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Half of that is the part (sandhi):

b—y ImCR
= @Ry

The seat (pitha) is the base (bhu) diminished by the part (sandhi):
- (1Y) -1 RG]
ya 1 bhu 1
2
Considering the square of the chord (bahuvarga):
v ;I
yava 1
and the square of the part (sandhi):
b—y\* 3 —2by+ b MIWMRIRAL
oy vomer ey
yava 1 yabhu 2 bhuva 1
4

and the square of the perpendicular (lamba), when the square of the chord
(bahu) is diminished by the square of the part (sandhi), by making these two
quantities have the same denominator (samacheda), we obtain:

po (b)Yt | AELREY
’ ! yava 3 yabhu 2 bhuva 1
(4]

The square of the pitha (denoted by ka-ca in Figure 1) is:

<b+ y)Q_ b+ 2by + ¢ W&g;@(!
’ 4 yava 1 yabhu 2 bhuva 1
4

The sum of the square of the perpendicular (lamba; denoted by ca-ga in Figure
1) and the square of the pitha is thus given by:
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(3y2 + 20y — bQ) N (M) @I

4 4 yava 1 yabhu 1

=y’ + by

This is the square of the hypotenuse (karna), denoted by ka-ga. That is,

(ka-ga)* = (ka-ca)® + (ca-ga)?
or, hypotenuse® = 3> + by (20)

It is to be noted that this is esentially the sum of the product of the base and
the face and the square of the side (bhujavarga).

Now in order to obtain the desired cubic equation in ¥, Nityananda proceeds
to describe the procedure for obtaining a different expression for the square
of the hypotenuse by another method. The two distinct expressions for this
same hypotenuse can then be equated and after some simplification, the cubic
expression can be derived.

This second expression finds its basis in the expression Nityananda had given
for getting the value of the Versine in terms of the chord and the diameter (see
Equation 14). He begins by recalling the square of the chord (bhuja):

i q’a )

yava 1

It can be easily seen that if y is the chord corresponding to an angle # and D
the diameter, then Vers #, which is referred to as bana here, is given by?!

bana = % @E&[ l

yava 1
vya 1

Now, subtracting this from the semi-diameter, we get R — Versf = Cos¥f,
referred to as kotijya. That is,

! This can be derived from a relation expressed earlier in the work, namely Crd* 6 = [2Sin (£)] ?=
Sin? 6 4+ Vers? @ = DVers# (Montelle, Ramasubramanian, and Dhammaloka, 2016, verse 32).
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LD 24 D ([mag{anat
kot === ——\
orgya 5D 5D am AT
ydva? vyava 1
vya 2

Nityananda states the square of this is

—217 + D*\’ mag 4 gigan [ JY gL

2D hn Hqd a:f‘:{m:au me
4(12)? — 492 D* + (D?)? yavava 4 yavavyava 4 vyavava 1
- A2 : vyava 4

Then asking us to subtract this from the square of the semi-diameter,??

<§>2 _ U - A DR (DY jaji'q’u cnaa:wa /A

_ 4y D* — A(y*)? yavava 4 yavavyava 4
4D? ' vyava 1

Nityananda says that this expression multiplied by four (caturguno’yam)
produces the square of the hypotenuse (karna). This requires some additional
explanation, which we provide below.

Consider the mid-point of the hypotenuse in Figure 4 denoted by ja. In this
figure, ka-ja = ga-ja = Sin6, and ja-kha = R — Cosf. Now, by the rule of
chords,

ka-ja X ga-ja = na-ja X ja-kha ,
= (R+ Cosf)(R — Cosb),
= R? — Cos? 6.

Multiplying both sides of the above equation by four, we have
2 ka-ja x 2 ga-ja = 4 - (R* — Cos” ).

Since each of the two terms in the LHS corresponds to the hypotenuse (ka-ga),
the above equation reduces to:

2
hypotenuse? = 4 - [(lg) — Cos? 9)] : (21)

22 Here, the manuscript is in error. The number in the denominator should be 4 and not 1.
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It may be noted that the operation prescribed by Nityananda was to obtain
an expression for the quantity in the square brackets in the above equation.
This turned out to be

4y D? — 4()?

4D?
It is obvious from (21) that this quantity multiplied by 4 gives the square of
the hypotenuse, which is what Nityananda states. Thus,

42D~ 4P

hypotenuse? = JiZ (22)
Now he instructs us to equate (20) and (22). Thus, we have
— 4yt + 492 D?
¥+ by = —m (23)

At this stage, the text makes it a point to explicitly mention that the two are
equal in magnitude.

tena samau paksau

By this (i.e., for this reason), the two sides are equal.

Perhaps the reason for making this statement is to emphasise the fact that
though y is quadratic in the LHS and quartic in the RHS, the magnitudes of
both sides are the same.

Next, we multiply both sides of Equation (23) by the square of the diameter,
so that

D2 D2b — D2—4 4 §/ S EJTUIVIL ™I~ v e
v+ Dby =4y D" - 4, I TR INATHIG L
P TI W4
hC LS il
yavava 0 yavavyava 1 yabhuvyava 1
0-y* 4+ 2D? + D*by = —4y* + 42 D* + yavava 4 yavavyava 4 ya 0000
0-y.

or

Dividing through by a factor of y we get

yD? + bD? = AyD? — 4. '/i:nab e R IELY
ﬂggmwaﬂ%"‘"

yagha 0 yavyava 1 bhuvyava 1
yagha 4 yavyava 4  bhu 000

Grouping like terms and rearranging, we have
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4P + bD? = 3yD?.

yagha 4 bhuvyava 1
yavyava 3

Dividing through by 4 and expressing D in terms of R, we finally have the
desired cubic equation:

P + bR? = 3yR>%. ? ﬂ'lﬂ ;&m
Y RUECES mf

yagha 1 bhutriva 1
yatriva 3

II1.5 Determining the Sine of 0;01° from the Sine of 1°

Text and Translation

3T%Ts4cqchi<>|cq|;1|«| ??ﬁmcqohchcclcqmwﬂ |

Now, when the Sine of each degree is known, the knowledge of the Sine of each minute
[is described].

EIEILEIEIECEIS I

BEICEIRIRIEIEEa e

TRATIAT UFhTearTsian

STTATETSTETd 38 T 1 ¢3 I Il g=ars |l
capardhacapatrilavotthajiva-

samsadhanarthabhihitaprakaraih |

samsadhayet pancakalpotthajivam

adyamsajwata tha pravinaih || 83 || || indravajra ||
Employing the methods that were described by the experts earlier (pravinaih abhi-
hitaprakaraih) for obtaining the Sine of half the arc and the Sine of three degrees
[etcetera], here from the Sine of one degree (adyamsajiwatah), may the [desired] Sines

that could be generated using the five fold approach be obtained.

317 Attt Rfgar e

fI@ IR RfgFrmRaT |

ESRERCELIEICINE R EICT

Wﬁwwuﬂﬁasrﬁa. I eg Il || =TT I
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punar api lavamaurvya bhagabhupamsajivam

gaganarasavibhaktam sadhayet tantravijiiah || 84 || || malin ||
Then, from the Sine of 15 minutes (tithikalika), may the Sine of one minute less a
sixteenth part (vinrpalavakala) be determined by the method that was outlined earlier.
And again, may the specialist in this discipline divide [the value of] the Sine of a
sixteenth part of a degree—that which was obtained from the Sine of one degree—by 60

(gaganarasa).

ud g STgasaHar

T ST AT[OTRTSIET |

BEIPIERIrCEIRIERIRSIn]

AATSATSHTIET IOM: T: 11 ¢4 || || AT =TT I
evam hi capadvayajatamaurvya

ya jayate capagunaikyajiva |

tato nyaliptaprabhavagunah syuh || 85 || || bala upajatika ||
Indeed, from the Sine of the two arcs thus produced, whatever is the Sine value that
is obtained by the sum of Sines of those two arcs, that in fact corresponds to the Sine
arising from one minute [of arc]. From that, the Sines corresponding to other values of

minutes can be obtained.

Technical Analysis

This last section, wherein Nityananda concludes his treatment on Sines, con-
tains an ingenious method for determining the Sine of 0;01° from the Sine of
1°.23 This is a non-trivial problem because it is impossible to determine the Sine
of 0;01° geometrically by using the half-angle approach or any other geomet-
rical entities. The addition or subtraction formulae can not be used directly.
Nor do there exist any analytic relation or established numerical technique that
could be invoked to obtain the value of the Sine of such a small arc accurately.
One has to resort to some sort of an approximation. One simpler way would
be to argue that Sin 1° is very small, and hence using the linear approximation
one could obtain

1
Sin 0;01° = 50 Sin 1°.

23 Given the Sine of 0;01° is recorded in the Sine table of Ulug Beg, it is probable that he discussed
how to compute it in his Zzj. We leave the exploration of this to future studies, simply noting
that attempts to compute the Sine of 0;01° were also made by other authors in different cultures
of inquiry, notably by medieval and early modern European mathematicians, including Levi ben

Gerson, Regiomontanus, and Rheticus.
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However, not being satisfied with this simplistic approximation, Nityananda
has set out a method based on the following relation:

1 1 1\ 1 1 1 1
60 (fm)ra—a*@ﬁ-
Since the Sine of 1° is known, %th of it can be obtained by a half-angle
approach without using any approximation. Once this is obtained, linear ap-
proximation can be used to get %th, hence the error would be reduced by at
least an order of magnitude.

Nityananda’s description of the method is rather condensed, contained in
only a verse and a half. Crucial to reconstructing the method that Nityananda
is referring to here is the numerical data given in the Sine tables in his other
work, the Siddhantasindhu, which tabulate Sine values down to the precision
of minutes. The precise value for the Sine of 0;01° given there helps us establish
beyond doubt that our interpretation of these verses is correct.

The Sine table included in the Siddhantasindhu®* tabulates degrees along
the horizontal axis and minutes along the vertical axis. In the reproduction here
Sines for an argument of 0° to 14° are tabulated horizontally, and 0;00° to 0;19°
vertically. Successive differences between minute values have been added in red,
presumably for interpolation purposes for even more precise arc-measures.

The now familiar value for the Sine of 1° can be read off argument 1;00° as

1;02,49,43,11
. Likewise, the Sine of 0;01° can thus be read off argument 0;01° and is?
0;1,02,49,55

. We assume that the technique Nityananda sets out here was the one used to
produce the values that have been quoted by him in the tables. The method
rests on two basic assumptions which we will cover in detail below. We start
by describing the procedure outlined by him.

In the first half of verse 84, Nityananda instructs us to establish the Sine
of 0;01° of arc less a 16th part (vinrpalavakala). Since a 16th part of 0;01° is
0;00,03,45° we have:

Sin(0;01,00,00° — 0;00,03,45°) = Sin(0;00,56,15°).

24 See Figure 7 in the Appendix for the first page of this multi-page table.
25 These are both identical to those given in Ulug Beg’s table (see Figure 8).
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The magnitude of this can be easily determined by applying the half-arc for-
mula repeatedly, a rule which was discussed in detail earlier on by Nityananda
(Montelle, Ramasubramanian, and Dhammaloka 2016, 2226, verse 32):

Sin (0) _ VD-Versh

2 2 (24)

By applying this half-angle formula to the Sine of 1°) in just two steps one
can get the Sine of 0;15° exactly. This is what is referred to by Nityananda
in the first quarter of verse 84 by the phrase tithikalikanam. From this, we
reconstruct the following half-arc amounts numerically, keeping a precision of
six significant sexagesimal places:

n | Sin (2}1(;) Numerical value

1 | Sin(0;30°) = 0;31,24,55,53,00...
2 | Sin(0;15°) = 0;15,42,28,29,17...
3 | Sin(0;7,30°) = 0;07,51,14,18,41...
4 | Sin(0;3,45°) = 0;03,55,37,09,50...
5 | Sin(0;1,52,30°) = 0;01,57,48,34,59...
6 | Sin(0;0,56,15°) = 0;00,58,54,17,30...

Then in the second half of verse 84, Nityananda instructs us to take the Sine
of a sixteenth part of 1°, that is 0;03,45°, and divide it by 60. This prescription
is based on the assumption that the arc is small enough so that it is reasonable
to assume Sin 6§ = 6, which indeed is true, since we are dealing with measures
that are an order of magnitude less than 1°. Therefore:

Sin(0;03,45°)

o — Sin(0:00,03,45°).

In other words:

Sin(0;03,45°)  0;03,55,37,09,50...

. 5% —
Sin(0;00,03,45°) 0 5

= 0;00,03,55,37,09,50...
Now, with the “Sines of the two arcs,” namely:

Sin(0;00,56,15°)  and  Sin(0;00,03,45°),
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one can determine the Sine of 0;01° via the assumption:

Sin(0;01°) = Sin(0;00,56,15° + 0;00,03,45°)
~ Sin(0;00,56,15°) + Sin(0;00,03,45°)
= 0;00,58,54,17,30... + 0;00,03,55,37,09,50...
— 0:01,02,49,54,39...
~ 0;01,02,49,55 (to four significant places)

which is exactly the value given in the table for the Sine of 0;01°. Again this
rests on an assumption that when the arcs are extremely small, the Cosine
factors in the Sine of Sums formula are essentially equal to one, and thus the
Sine of the sum of two arcs is simply the sum of the Sines of each of those arcs.

IV Concluding Remarks

Nityananda’s account of the derivation of the Sine of 1° is striking for a num-
ber of reasons. In addition to casting elaborate and technical procedures into
the form of beautiful verses, Nityananda gives expression, in the Sanskrit con-
text, for new concepts concerning the circle geometry that underpin the cubic
equation, as well as connecting in ever closer ways the geometry and algebraic
analyses of the problem. Indeed, questions remain concerning where Nitya-
nanda derived his inspiration for the contents of this passage, and the links
they have to material relating back to al-Kashi and Ulug Beg are still to be
investigated. However, one aspect that remains distinct about Nityananda’s
exposition is the detailed and diverse ways that he derives and demonstrates
the results. Within a handful of verses, he weaves together the specifics of how
each algorithm is to be implemented with their underlying geometric derivation
and their algebraic validation. Of particular note is the worked “example” he
includes to derive the cubic equation. To the best of our knowledge, this prose
passage with its semi-symbolic style of reasoning is unlike any other exposition
of this sort in the history of Indian mathematics up to this point.
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Appendix: A Sample of Sine Tables Included in Various
Manuscripts

Figure 7: The first page of the Sine table from the Siddhantasindhu of Nityananda
(City Palace Library, Jaipur 4962, f. 29r).
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Figure 8: The first page of the Sine table from the Zij of Ulug Beg.
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Figure 9: A complete Sine table from a manuscript of the Sarvasiddhantaraja (Well-
come f. 18v—19r).
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Figure 10: A complete Sine table from a manuscript of the Sarvasiddhantaraja
(Nepal B534 f. 15).
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